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MartemaTHuyeckasi MOJ€eIb r¢OMETPUYECCKOI'0 IOJIA MPOCTPAHCTBCHHBIX
YacCTOT B TNIIEPKOMINVIEKCHBIX AaHAJTHTHYICCKHUX (l)yHKIII/IHX.

I'.C. MeapHHKOB -
HIT OC «TKC-omrruka»

Ycnexu HaHOCTPYKTYPHBIX TEXHOJOTHH, BO3MOXKHOCTU YTMPABICHHUS CBOWCTBAMHU CBETOBBIX
MMOTOKOB C MOMOIIBbIO (POTOHHBIX KPUCTAILIOB, OOBSICHEHUST (PU3NUYECKHUX SIBJICHUN Ha rpaduyecKu
CUHTE3UPOBAHHBIX TOJIOTPAMMAX U IPYTUX TUGPAKIIUOHHBIX CTPYKTYypax TPEeOYIOT HOBBIX (PU3HKO-
MaTeMaTHYECKUX MOJIENeH MPOCTPAHCTBEHHOTO M YUCIOBOTO KOHTUHYYMOB.

B cratee cpenmaHa TOMBITKA TOCTPOSHHUS MOJEIH T€OMETPUYECKOTO IOl MPOCTPAHCTBEHHBIX
gactot (I'TIITY) B ananutrdeckux QyHKIUAX Ha 0a3e caMmbIX MPOCTHIX MOJIOKEHUN TCOPUU YUCEI.
Cratps npecTaBlIeHa B BUJE CBSI3HOM CEPUM U3 TPEX CTATEM.

Paznen 1. YetsipexmepHblil 4MCII0BOM aHasior EBKIIMIOBA MPOCTPAHCTBA,
COIIPSKEHHOTO C MPOCTPAHCTBOM MUHKOBCKOTO.

B03MOXHOCTh COBMEILIEHHs] T'€OMETPUM a0CONIOTHO CHUMMETPHUYHOTO MO BCEM €ro
XapaKTepHbIM HAMpaBiI€HUsIM HpocTpaHcTBa Hy, ¢ NpPUBBIYHBIMH MPEACTABICHUSMU 00
OKpY’KalolleM Hac (U3MYeCKOM IPOCTpaHCTBE-BpeMeHH Obula HameueHa B pabote E.A. Kaparaesa
(2002r.) [1,34], onHako pa3BHBacMbIe UM ITOJIOKCHHS M3BECTHBI emie u3 anreopsl Kimuddopaa u
paccmaTtpuBanuck B MoHorpaguu I'. Kazanosa [30]. OTa BO3MOXHOCTb MHTEPIPETUPYETCS Kak
CIIEJICTBUSL Mpouexypbl yaBoeHus anreOpsl. C Apyroil CTOpOHbBI, BO3MOKHOCTb COBMEILEHUS
Te€OMETPUM IMPOCTPAHCTBA MMHKOBCKOTO C HEKHMM YEThIPEXMEPHBIM YHCIOBBIM AHAJIOIOM, Kak
0Ka3aJIoCh, TaKXKE SBISETCS CIEACTBUEM IMPOLEAYpPbl YyIBOCHUS anreOpbl. OTH BBEACHHBIC
HOJIOKEHHUS JOKaXKEM Ha KBATEPHHOHHOM PELICHUH 33/1a4l MaTEMAaTHYECKUX OUIIbSPAOB.

1.1. KBaTepHHOHHOE pelIeHHe 32Ja4i MaTeMaTHYeCKUX OMJIbSIPAOB.

C 3agaueit MaTreMaTHUECKMX OWIBAPIOB M €€ HCTOpHEH MOXKHO O3HAaKOMHUTHCS B
nonyJisipHO# Opormrtope [2]. B pe3yabTaTe MOMBITOK pEIIeHUs 3TON 3aa4i ObLUTH OTKPBITHI MHOTHE
paszensl coBpeMeHHOM MaTematuku. OHaKko 10 pador [3...6] 3aqa4a MaTeMaTHYeCKIX OWITbSIPIOB
B Kpyre ocrtaBajach He pemieHHOM. [losiHOe pelieHwe STOM 3aJayd B KOMIUIEKCHBIX YHCIIaX
HaiieHo B [6] Ha ocHoBe myOnukarmii [3...5]. [locnenHss TpakTOBKa MO ONMMCAHUIO TPACKTOPUI
JBIDKCHUST MAaTeMAaTHYEeCKOW TOYKHW (OMIJIbSApIHOTO IIapa) B KPYroBoMm oTpaxkatene naHa B [7]. C
II0CJIEA0BATEIBHOCTHIO BBIBOJIOB PEIICHUS 3a/1a4yd B KOMIUJIEKCHBIX YHMCJIAX MOXHO O3HAKOMUTBCS
Mo MarepuaiaM HacTtosimero KoHkypca [8]. CyThb NpeaIoKEHHOTO PEIICHUs 3aKI04YaeTcs B
CJIEyIONIEM: TIPY PacCMOTPEHHH YUCIIOBBIX TIOCJIE0BATEILHOCTEH MbI* KaIblii pa3 oOparaeMcs
K JlyaJIbHO OECKOHEUYHBIM nocieoBaTenbHOCTSIM (1.1.), 3aMbIkaeMbIM B ux noitocax (1-4 poaos), a
o0m1yro Knaccu(uKaIuio Yuces MPpoBOIUM B COOTBETCTBHH ¢ Tabm.1.1.

L4 I[yaHBHO OCCKOHEYHBIMHU IOCICa0BATCIIBHOCTAMU 6y,Z[CM Ha3bIBaTh
IIOCJICJOBATCIIBHOCTH BHaa
U_,..U,U,U,..U_ (1.1)

wim kopotko {U ip}.

HOH a3yMeBas HeO6XO,HI/IMOCTI) COTpYyAHHUYECCTBA C UUTAOIIUMMM KOJUJIEraMu IIPpHU aHAJIM3€ U BbIBOJaX, B IlaﬂLHeﬁHIeM
s
H3JIOKCHUH TPUHATHI KaK Oe3nuyHas (1)0pMa, TaK U (1)OpMa ‘MBI’ BT aCCMOTpUM ”



SlcHoO, 4TO Hambosiee TONHO 3THM TPEOOBAaHHMSAM OTBEYACT PA3I0KEHHE AHATUTHYCCKUX
¢byukuuii B psag Jlopana [2]

o0 k o0 —k
f(z) = kank(z— a) + kélbk z— a) (1.2)
nepBblil pan B @opmysie (1.2.) mpexacrapisier coboil OOBIYHBIA CTENEHHOM psl (B oOuiem

cly4ae - 3HaKOMEpPEeMEHHbI). BTopoii psa Ha3zbiBaeTcs TMaBHOM 4acThio psna Jlopana. B oOmem
Buje Gopmyiry (1.2.) MOXKHO TIPEICTAaBUTh B BUIC

1o k f
f(z) = kzz—oo ck(z— a) , rae ck=2n1 ii(g_(j)?ﬁldc (1.3)
Tabmma 1.1
S " OrtpunarenbHbie Yucna HarypanbHbie
= g2 = qrcia HYJIb M TIOJIFOCHI | YHCTIa
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§ < 2,-1,-5,...,-¢, ~(4-T0),... V2,105, e, (4-),...
= MHuMBIe yncia
i,-1,-2+31,...,1/2+\3/2i,a+bi
OxTaBbl [TomMKOMITIIEKCHBIE
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e  CBETOBOM JIy4, 3alyLIEHHBIA B IIOJBIA OTPAXAIOINUNA NUWIMHAP WIM MOHOJUTHBIA ONTUYECKH
IPO3pavyHbIi HWIMHIAP B IIOCKOCTH Z=0 OyAeT coBepIIaTh MHOIOKPAaTHBIE OTPa)KEHUs, HE BBIXOJS
U3 KOJIbIeBOM 30HBI OT T 710 R rae r = R-cos(n/k) - koopanHaTa nepecedeHus jyya 1o HOpMaJIU K
ocu X (z, y=0), a R - paguyc oTpakaroiieil KpuBOJIMHENHOW MOBEPXHOCTH. B HacTosiee Bpems
JIOCTaTOYHO IIOJIHO OIHCaHbl TPACKTOPUH [BHMIKEHUS JIydel MHOTOKPAaTHOIO OTPa)XCHMsI B Kpyre
(chepe)

® IIpH 3TOM YCTAHOBJIEHO, YTO JIyYHd CBETA B OTPAXKAIOLIEM Kpyre 00pa3yioT TpaeKTopuu, popma
KOTOPBIX 3aBUCHUT OT KO3(PPUIHNEHTOB (PAKTATIBHOCTH U MOJTHOCTBIO UMH 00YCIIOBIIEHA.



Koaddumnment dpakranproctu k onpenenser cekrop kpyra 2, KOTOPBIA COJAEPKUT B cede B
Ka4yecTBE XOP/bl JJIMHY CBOOOIHOTO Mpodera Jiydya OT OJHOTO OTPa)XECHHUs 0 IPYroro OTpa)KeHUs
OT OIPAaHUYMBAIOLIEH KPYTOBOM OBEPXHOCTH

Q-2T (1.4)

k

IIpu k- 1enOYMCIEHHBIX TPAaEeKTOPHUH pPACHPOCTPAHEHUS Jyuell B Kpyre CTaTHYECKUE U
MPEJICTaBISIIOT cO00 MpaBUIIbHBIE BIIMCAHHBIE B OKPYHOCTh MHOTOYTOJIBHUKH C YHCIIOM BEPILUH
k. ITpu k- pantmoHanbHBIX ¥ ONpEAEsIeMbIX OTHOILICHHEM IEJIbIX HE COKPATUMbIX YHCE

k=2 (1.5)

m
TPACKTOPUH PACIIPOCTPAHEHUS CBETA TAK)KE CTATUYECKUE U MPEICTABISIIOT CO0O0M (paKTaibHbIC
MHOTOYT'OJIbHUKH, T.€. NpaBWIbHBIE 3BE314aThble 3aMKHYTbl€ MHOIOYTOJbHHKH, HUMEIOLIUE 1 —
BepnH. OHU (opMupyroTcss myTéM ‘“3aMeTaHus’” JydOM KOHEYHOH IUIOIAAM B Kpyre 3a m
000pOTOB BOKPYT IIEHTPa KPUBU3HBI.

B cayuae k- TpaHCHEHIEHTHBIX, TPACKTOPUHM Jyda AMHAMUYECKHE; M JTyd ‘‘3ameTaer”
OECKOHEUYHYIO IUIOWaAb. TpaHCIEHIEHTHBIE TPAEKTOPUMU JIy4ed - NpaBUIbHbIE HE3aMKHYTbIE
dpakTanbHble MHOTOYTOJBHUKHU C TIEPUOJIOM PaBHBIM OECKOHEUYHOCTH. B mportiecce popmupoBaHus
ITHX TPACKTOPUH, TOUYKU TEKYLIMX OTPAaXCHUH HHUKOTJIA HE BEPHYTCS B UCXOTHYIO TOUYKY IEPBOTO
OTpaXCHHUS M HUKOT/Ia HE HAKJIAAbIBAIOTCS HA OKPYXHOCTH JAPYT Ha Apyra. JpyruMu cioBamu,
MOYKHO yTBEpKIaTh, YTO IMPH MHOTOKPATHBIX OTPAKECHUSAX OT KPHBOJIMHEHHBIX IMMOBEPXHOCTEU
OTpakeHUs, TOCHeAHssT (B HAlIleM IUIOCKOM Cclydyae OKpPY)XHOCTh) BBICTYNAeT B KauecTBE
n00aBIIEHHON MMapaMeTpUYecKol KOOpAUHATHL. Ee 3amoiHeHne ToYkaMu OTPaKEHUS ITOTIHHSIOTCS
OOLIMM MPUHIUIIAM «pelieTay DpaToceHa, aHANTUTUISCKUN BUA KOTOPBIX ObLT BBIBENEH B [3].

o KBaTtepHnoHHoe  pemenue  Oa3upyeTcss Ha  JIOKA3aTEIbCTBE  CYIIECTBOBAHUS
YETBIPEXMEPHOI'O  YMCJIOBOIO aHAJIOTa CBS3aHHBIX (CONPSDKEHHBIX) JyallbHO-O€CKOHEYHBIX
MOCIIE0BATEIHHOCTEN BEIIECTBEHHBIX YHCET.

DTO /I0Ka3aTEeNbCTBO BBITEKACT W3 eImle Oojiee MPOCTOM MOIENH W 3ajadd — pa30oueHus
eAMHUYHOTO OTpe3ka TOoukou. [Ipu cBOpauymBaHUU €AMHUYHOTO OTPE3Ka B KOJbBIIO, MPUXOIUM K
pacmpenieseHui0 TOYeK OTPaKEHHUs] B MAaTEMaTHYECKHX KPYTOBBIX OWIBApIAX OT OKPYXHOCTH
€IUHUYHON UTUHEI 27TR.

Brnionne oueBHIHO, YTO TOUKA JEIUT €AUHUYHBIA OTPE30K B OTHOIICHHUSX !

k= 1/k n k = 1-1/k=(k-1)/k 3nech k- Taxke Kak ¥ B KpyroBoM OIbspae - Ko3hduiueHt
¢dpaxTanbHOCTH (APOOIEHUS €AUHUYHOTO OTpe3ka AB)
[TpuarMaem o003HaYEeHUE

=
k =k (1.6)
IpU IpUCBOCHUH K03 duinenTa ¢ppakraabHOCTH 0Tpe3Ky AC T.e. Ipu NepeMEICHUH TOYKH
npobieHust C oT TOUkH 4 B TIPaBO U

k =k/(k-1) (1.7)
IIpU nepemeleHn Touku apodnenus C ot Touku B Bueso. (Puc.1.1.)

U=
M| =

A. .C .B

- _/

Puc.1.1. IIpucBoenne kod3pPpuureHTOB HPAKTAIHLHOCTH OTPE3KAM MPSMOH.



SIcHO, YTO eIMHUYHBIA OTPE30K MPSIMOM JIMHUH, O€3 MPUBJICYCHUSI COCEAHUX OTPE3KOB MBI
MOKEM pa30UTh TOJIBKO Ha IeJIbIe YUCIa K.
o B cnyuae, ecnmu koaduuueHT (GpaKkTanbHOCTH BbIpaXaeTcss APOOHO-PALMOHAIBLHBIM
YUCJIAOM Kk=n/m 111 T€OMETPUYECKON MHTEPIIPETAIIH 3TOTO APOOJIEHUS HEOOXO0AUMO MPUBIIEKATh
B PAacCMOTPEHHUE M COCEJHMX OTPE3KOB €AMHUYHOH [UIMHBL, a elle 0ojee HarjsHO 3TO MOXHO

=
clenaTtb Ha EIWHUYHON OKPYXKHOCTH, T.K. TpuU k =n/m, nyroBoil wmu ¢a3oBbiii (mpu R=1)
MHOXHTEb

Qp(n,m):2-7:~R :m-(2~n-R)

(1.8)
7 n
k(n,m)
DTO COOTBETCTBYET TOMY, UTO 711 OTPE3KOB €AMHUYHOHN JUTMHBI MBI pa30uBaeM Ha 7 — 4acTeH.
B sTOM ciryuae neBoctopoHHHE KOADUITHMEHTH (HPAKTATBHOCTH MOTYT OBITh BHIPAYKEHBI

k(nm)=————— = "%, (1.9)
m-(ﬁ—l) (n—m)
m
a XOpAOBBIN WK (a30BBI MHOKHUTEIb
Qp(n’m)=2-7t-R=(n—m)-(2-7t-R) (1.10)

p
k(n,m) "

W MOXHO TOBOPUTH O TOM, UTO JIJIsl JISCBOCTOPOHHETO JPOOHO-PANMOHAIBHOTO ICTICHUS
€AMHUYHOM OKPY>KHOCTU MBI UIMEEM JIEJIO C JIeJICHUEM (#-71) OKPY>KHOCTEH eTMHUYHOMN JJIUHBI HA 1
yacTeu.

Brnionnae o4eBHIHO, YTO HAYAJIbHBIE TPACKTOPUH OMIBbSIPIHBIX IaPOB € (ha30BHIMU
mHoxuTesiMu (1.8) u (1.10) OyxyT HanpaBiIeHbI IPOTUB YacoBOH cTpenku (1.8),-nmojoxuTensHoe
HarpaBjeHue ApoOsieHnst U 1o yacoBoi crpenke (1.10),- orpuniateapHOE HanpaBlIeHUE IPOOICHUS,
10 OJTHOMY M TOMY e 3Be314aToMy ((ppakTaabHOMY) MHOTOYTOIBHHUKY U3 TOUKH A,
00BbeIMHAIONICH TOYKH A U B e TMHMYHOTO JTUHEHHOTO oTpe3ka. HarnsnHoe npencraBienne 0o
sToMm naet Puc.1.2



}? JleBocTOpoHHUE 7; [IpaBocTopoHHME
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Puc.1.2. TpaekTtopun OUIBApAHBIX IIApOB ¢ (a3oBbiMu MHOKUTEIIMU (1.8) 1 (1.10)

31ech 0co00 cielyeT OroBOpUTh, YTO IMPU PACCMOTPEHHUM JIEBOCTOPOHHHMX TPAEKTOPUH €
IpOOHO-pallMOHATBHBIMU KO3 PHUIMEHTaMH  (PAKTAIBHOCTH  HEOOXOIUMO  BHUMATEIBHO
UHTEPIPETUPOBATh MOCTYJIUPYEMOE HAMU OINpejeieHne (paKkTaabHbBIX MHOTOYTOJIBHUKOB, a
UMEHHO, - OHH (POPMUPYIOTCSA MyTEM ‘‘3aMeTaHusi”’ Jy4OM KOHEYHOM IUIOIAAM B Kpyre 3a m

=
000pOTOB BOKPYT IIEHTPa KPUBU3HBI (IpU K =k=n/m ) U, COOTBETCTBEHHO, 3a 11-M 00X0JI0B BOKPYT



&=
n .
HeHTpa KpuBWU3HBI ( mpu  k(n,m) =—( ) ). Ilpm Ttakoif WHTEpHIpeTalMh CTAHOBUTCS
n—m

OYCBUAHBIM CJICAYIOUICC YTBCPKACHUC — JICBOCTOPOHHUC BCIHICCTBCHHLIC IIpOGHO-paI_II/IOHaJILHLIe

P
n o
qucia k(n, m) = —) XapPaKTCPU3YKOT HC IMPOCTO 3CPKAJIbHO-CUMMCETPUYHLBIC JIMHCHUHBIC

(n—m

N
TPAeKTOPUH OTHOCUTENILHO TPAEKTOPHI ONpeAesieMbIX YUCIaMU K =k=n/m, a UX BEKTOPHI (TPEeKU
pacnpocTpaHeHus: OWIbSAPAHOTO IIapa), MOJKHBI UCKPHUBISTHCS U MPOXOIUTH (MU OOXOJHTH)
LEHTP KPUBU3HBI 1-m Pa3.
Takum oOpasom, nmHeiliHas (EBkiammoBa) cucrema umcen (1.6) u ApoOHO-panMoHANBHAS
(runepbonmueckasi) (1.7) cucteMbl YHcen B TPEXMEPHOM KOOPAWHATHOW cHCTeMe (IBe
MPOCTPAHCTBEHHBIX U OJIHA MMPOCTPAHCTBEHHO-BPEMEHHAs) TIOPOKAAIOT 3€PKATHHO-CUMMETPHUIHBIC
JUHCHHBIE U KPUBOJIIMHEHHBIC BEKTOPHI B JUHAMUYCCKOW CHCTEME MAaTEeMaTHYECCKHX OWIBSPIOB.
Bupn stux tpaekropuii oueBuaeH u3 Puc. 1.2.

Ho rumnep6onuyeckas 3epkanbHas cucrema yucen (1.7) m nuueiinas (1.6) eme He moiHAs
CUCTEMa BEILIECTBEHHBIX UHCEI

=
R(k) €[-x,...—K,...0,..K,..00] - TPaBOCTOPOHHSS (PpaKTago- oOpa3yromias BEIIECTBEHHAsS
YHCIIOBast CUCTEMA

=
K =k (1.11)
= 2-x 2-x
Rk) €[0,...+ R C ,-..,—0] - mIeBocTOpOHHSS pakTano- obpasyromas
K—2 K—2
BEILIECTBEHHAs YMCIIOBas cucrtema, rae: ® — nomtoc 1-ro poga [9]
<= k
K=—— (1.12)
k-1
JUis  TmonmydeHusT 3aBEPIIEHHOW CHCTEMBI - YETBIPEXMEPHOTO YHCJIOBOTO  aHAJora,

00BETUHSIONIEr0 pocTpaHcTBa EBKiMaa u mpocTpaHcTBa MUHKOBCKOTO HEOOXOIUMO MOJOUTH K
3aa4ye KBaTEPHUOHHOTO PEIIECHHs] MaTeMaTUYECKHX OWUJIbSIPIOB B KPYre C MO3UIMUA PACCYKACHUS
["anunes mpu BeIBOIE ypaBHEeHUH MasTHHKA. (Puc 4.3 u3 6porrtopsr [10])

Bronne OYCBUAHO, UYTO KaK JJI1 KOMIUICKCHOI'O, TaK U IJI1 KBATCPHUOHHOTO PCHICHUA 3aa4r
MaTeMaTHYECKUX OMIBIPIOB HEOOXOAMMO YYHTBHIBATH OPTOTOHAIBHO CONPSDIKEHHBIC BEKTOPHI B
KpyTe, T.C. BEKTOPBI JJIS1 KOTOPBIX BBIITOJHACTCS YCJIOBUC

2. . 2'm .2 2.7
COs—— =sin— W sin———=cos—; (1.13)
K K K K
u
2.7 . 2T . .
cos = sin — u Sin2_n=c()52 T (1.14)
~— = P C*
K K K K

Cobmro/ieHue ATUX YCIOBUN MPOCTO PEIIAETCS U3 PACCMOTPEHUS OPTOTOHAILHO COTPSIKEHHBIX
BekTOpoB Puc.1.3.



ik 2niK

af AC
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Puc. 1.3. B3aumHoOe pacmonoxeHue JEeBOCTOPOHHUX (a) U MTPaBOCTOPOHHUX (0) 6a30BOro u
OPTOTOHAJILHO COTPSKEHHOT'O BEKTOPOB.
N3 Puc. 1.3. 6. mpocThIM perieHnemM

2311 =n—2j :2-n(k 2) (1.15)

A i 2-k
HaXxOJUM JJisi TPAaBOCTOPOHHHX BEKTOPOB  OPTOTOHAIBHO COMPSDKEHHBIX K 0a30BOMY
COTIPSKCHHY O MIPABOCTOPOHHIOIO dpakTaio- 00pa3yromIyro BCIICCTBCHHYIO
YHCIIOBYIO CHCTEMY
=" 2.k
K P (1.16)

U cootBeTcTBeHHO, U3 Puc. 1.3. a., pemieHuem

ZC:E :n_Z;n:n(k 2-(k 1)):_2-71:(k 2) (1.17)

& p k 2-k
HaXOJIUM JUIS JIEBOCTOPOHHUX BEKTOPOB  OPTOTOHAJIBHO CONPSDKEHHBIX K 0a30BOMY -
COTIPSIKEHHYIO JIEBOCTOPOHHIOIO (ppakTaio- o0pa3yrollyio BEIECTBEHHYIO YHCIIOBYIO
CUCTEMY
< 2.k
K = (1.18)

K—2

JpyrumMu cioBaMH W3BECTHBIM YHCIOBOM KOHTMHYYM BELICCTBEHHBIX YHCEI B CBOEH
CTPYKTyp€ COICPXKHUT JABE Iapbl OpPTOTOHAJIBHBIX CHCTEM BEIIECTBEHHBIX YHCEN, T.C. -

*
= =

MMPaBOCTOPOHHUEC YHUCIIA K W HM OPTOTOHAJIBHO COIPSKCHHBIC BCIICCTBCHHBLIC YHUCIIA K n

*
= <~

HeBOCTOpOHHI/Ie qyuciia K U UM OpTOFOHaJ'II)HO COprDKeHHI)IG BCIICCTBCHHLBIC YHCJIAa K , 1A
KOTOPBIX CIPaBEIJIMBBI COOTHOIICHUS CBeACHHBIC HaMu B Tabm.1.2



Tab6numa 1.2

bazoBas EBkimaoBa mpaBOCTOPOHHSIS CUCTEMA bazoBas He EBkin0Ba 1€BOCTOPOHHSA
BEILIECTBEHHBIX YHUCEI JIpOOHO-palMOHANIbHAS THIIEPOOTIecKast
(ot Touku A K Touke C - BpaBo) CHCTEMa BELIECTBEHHBIX YUCEI
R(k) €[—»o,...—K,...0,..K,...0] Rxk)e[-0,..——,..0,... + —,...,0]
K —1 K —
=
K =k = k
K =—-
k-1

Conpsprennas He EBxinnoBa npaBoctoponHsiss | ComnpsikeHHas He EBKITuoBa 1eBOCTOpOHHSIS

IpOOHO-paMOHAIbHAS THITIEPOOTHIeCKAsT JIPOOHO-paMOHAIEHAS THITIEPOOTIeCKast

CHCTEeMa BEIIECTBEHHBIX YHCE CHCTEMa BEIIECTBEHHBIX YHCEI

= 2K 2K = 2K 2K

R(x ) e[-0,...— yer O, yeest0] R) €[0,...+ O yees—0]
K—2 K—2 K—2 K—2
£ *
= 2-k = 2K
K =——— K =
k-2 k-2

=
HpeI[BapI/ITeHBHO HA30BEM YUCIIA K - 6eU4eCMBEHHbIMU NPAGOCMOPOHHUMU K6AMEPHUOHHO-

conpszaemobimu,

=
A 4Jncia « - GeUuleCmeEeHHbIMU J1€60CMOPOHHUMU K6AMEPHUOHHO- CONpAaZaAemMbimu
- “—

Heo0xoauMo moJuepKkHyTh, 4TO pedb HJIET HE O BEKTOpPax K M K , a O BEIIECTBEHHBIX YUCIIaX,
KOTOpBIE B PEKYPPEHTHBIX MOCIEI0BATEIBHOCTSAX BCTPAUBAIOTCS B CETOUHBIC M PEIICTOYHBIC
KOH(UTYpaIH, A1 KOTOPBIX BRIMOMHAIOTCS cooTHOIIeHus (1.13) u (1.14)

I'paduxu u 3Hauenus s yucen (1.16), (1.18) u (1.12) BHe Mmoyt0COB (COOTBETCTBEHHO

£ *
= = =

O=2, max ,x u O=1, na x ) npuBeaeHs! Ha Puc.1.5. u Puc.1.6, cooTBeTCTBEHHO.

* *
= = ~—

W3 rpaukoB BUIHO, YTO CUCTEMBI YHCENT K , K U K ONHUCHIBAIOTCS IPOOHO-paliMOHATbHBIMU
runepOoIn4eckuMn  (QyHKIUSIME M COOTHOCATCS B MAaTEeMAaTHYECKMX KPYTOBBIX OWIIBApIAX C
OPTOTOHAJILHBIMM M 3€PKAJIbBHBIMM MHUMBIMHM BEKTOpaMH. Tak NpU pacCMOTPEHHM TPACKTOPHH B

-
KpyroBom  Owmbspae it K = k=4, 52 u =« (cm. Puc.1.4) BumHO, YTO OPTOTOHAIHHO
JIOTOJTHSIOIINE BEKTOPBI IIPU PAaCpOCTPaHEHUH Jiyuell (OMIbsipIHOTO I1apa) Mo TpaeKTopusam ¢ k=4
00pa3yroT B Kpyre CBOM JUCKPETHO (OPMUPYEMbIE TPACKTOPHH, COBIAAIONINE C CAMOI pealbHON
TpaeKTopHei nyda (OUIbSPIHOTO MIapa).



ParoHanbHble U TpaHCLEHACHTHBIE KO3 QUIIMEHTHI (HpakTaabHOCTH Kk

- =52 k=3,1415...
t:=0,0.000000001 .. 0.000001
o ® T T » @ T T m L
0 - - 10 4 nk i
BBtk 1,0 Bk 1,00} b PN B I 1,003
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Puc.1.4. TIpumepsl BO3MOXHBIX MOJIOBBIX TPAaeKTOpHUil B EBKINI0BOM KpyToM OUIIbsIpIE.

Jis  TpaekTopui, XapaKTepU3yeMbIX pPalMOHAJIBHBIMH KO3(QQHUIHEHTaMHU (paKTaIbHOCTU
k=5/2 m TpaHCUEHOEHTHHIX k= 7, OPTOTOHAIBLHO JOIOJHSIOMINE BEKTOPHI, XapaKTepH3yeMbIe

*
=

BCIICCTBCHHBIMHA YHCJIaMHU K 06pa3y}0T OTJIMYHBIC OT HUX TPACKTOPHUHU (Ha Puc.1.4 onn moka3aHbl

rojiyObIM LIBETOM). XapakTEepHO, YTO OPTOTOHAIBLHO COMPSDHKEHHBIE K TPAHCIICHACHTHBIM YHUCIIaM
=

K , TIO OMpENEICHUI0 IPOOHON pallMOHATBLHOCTH CaMU SIBJISIIOTCS TPAHCIICHICHTHBIMU YHCIIAMU,
HampuMep, OPTOTOHAJBHO COMPSHKEHHOE YHCIO K OCHOBAaHHMIO HATypallbHOTO Jorapudma

.
= 2-k 2-e
K (e)=———=- .
k-2 e—2

Bce gmpyrue TpaHcueHAeHTHbIe KO3(DUIMEHTB  (QpakTaTbHOCTH, XapaKTePU3YHOIIUE
JTUHAMHYECKHE CyO- MOJBI B KPYTOBBIX OWJIBSIpAAaX U COCTABIISIFOIINE JOMHHUPYIOIIYIO MOIIHOCTh
YHCIIOBOTO KOHTHHYYMA, Il K&KIOW U3 HaWJCHHBIX YMCIOBBIX CHCTEM 00pPa3yIOTCS MOCPEICTBOM
reHepaluy TPAHCICHISHTHBIX YHCEeIl 110 aNTopuT™My M = k * (e,7,...) ¥ MOJACTaHOBKOHM 1| B KaXI0€

U3 BBIPKEHUI [IJ1s1 HAMIEHHBIX YUCTIOBBIX cucTeM Tabm. 1.2.

. .
= = = =
Tem caMbIM MBI JTOKa3aJId, 4TO YUClia K | yucha K He npocto ¢pyskmmn k = p(k) n k =l(k),
a (usnyeckn 0OOCHOBaHHBIC  MapajUleibHBIC, W3BECTHOM HaM YHCIOBOM CHCTEME, ApYTHe
YHCIIOBbIE CUCTEMBbI
BBenenue paznuyeHHs BO3BPAaTHBIX M PEKYPPEHTHBIX MOCIEIOBATEIBHOCTEH, a TakXke HX
.

o = — <~
COBMECTHBII aHAIN3 C BBEJICHHBIMHU JIOTIOJIHEHUSIMH BEIIECTBECHHBIX YHCEN YUCIAMU K , K U K,
M0-HOBOMY PacCKpBIBAET CHCTOJMYECKUE CBOIMCTBA JIBYMEPHBIX U TPEXMEPHBIX PEKYPPEHTHBIX Tell
M TO3BONSET HAAEETCSs HAa  HEMOCPEACTBEHHYIO  pealu3aluio  (EeHOMEHOJIOTUYECKUX
3aKOHOMEPHOCTEW B MHOTOCIIOMHBIX PEKYPPEHTHBIX YUCIIOBBIX CTPYKTYypax.

[TpuHIMIBI TOCTPOEHHUS MHOTOCIIOWHBIX PEKYPPEHTHBIX IMOCIE0BATEIBHOCTEH JTMHEHHOTO
Y HEJIMHEHHOTO TUIOB pacCMaTpUBarOTCs B paborax [3, 11].

O MareMaTHYEeCKOH npupoac 3CpKaJIbHBIX TpaeKTOpHﬁ, XapPaKTCPU3yCMbIX BCHICCTBCHHBIMU

*
= <~

yucIaMu K W K , MBI OyaeM moapoOHee TOBOPHUTH B pasznene 1.1.1. duzndyeckoe 000CHOBaHHE C
HO3UIMHA HMHTEPHPETAUH BO3MOXKHOCTH OJHOBPEMEHHOTO CYIIECTBOBAHUS 3JIEKTPOMATHUTHBIX

KOJIeOaHUH C IpaBOM U JIEBOH TPOIKOi anekTpoMarHuTHbIX BekTopoB  ( E, H u k) nano B paznene
2.
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Puc.1.5. I'paduk u mepBwIe 3HAUCHUS

=p(k)

k k
Rt k= M- e
0.0 -0.01 k= IW=
005 | [-0.053 1 ; ; , .01 01
0.0% | [-0.088 105 px
043 | [-0148 100 4 108 [[12111
047 | [-0.205 113 || esaz
021 | [-0.266 o J 117 || 6862
025 [-0.333 121 || 5762

- 125 5
o - | [oa9] [-0a08 — B -
= 033 | [-0.483 —
037 | [-0587 “ | 133|| 403
041 | [-0695 137 || 2703
045 | [-0&18 1.41(| 2439
049 | [-0.961 145 || 3222
053] (1128 , 148 |[ 3041
Ty 02 04 06 08 1 |047| (1328 ! 13 2 24 E 153 || 2887

¥ 06| [-1.564 b 157 || 2754

161 || 2639

k=001,005.1

p—
Puc.1.6. I'padux u nepseie 3naueHus K =l(k)
PaccmotpuM Bompoc, - KAKMM F€OMETPUAM MOAYHUHSIOTCS BEKTOPHBIE TPACKTOPUU B KPYTOBOM

*
= =

ownbspae, xapakrepuzyembie (pazoBeimu MHOXuTesIMU (1.8) u (1.10), ¢ cucremoit uncen « ,K
*

K, Kk ;Tabn.1.2.

Jlnst 060CHOBaHUS OTBETOB Ha IMOCTABJICHHYIO 3a/1a4y 00paTUMCs K KOMIUIEKCHOM Tpuaze
TPUTOHOMETPHUYECKHUX (PYHKIMK BBeACHHBIX B [3,11, 12; cM., Tak xe 8].

Kak noxkazano B [8], 3a cueT npencTaBiIcHUs] TPACKTOPHUM - INIOCKUX KPUBBIX BIIMCAHHOTO U
ONMCAaHHOTO KBaJApaTOB B BHJE TpUaAbl TpUroHoMerpuueckux ¢(ynkumii (Puc. 1.7.), MoxHO

* R
= = — =

UHTEPIPETUPOBATh HAM/JEHHBbIE CUCTEMbl uucenl k,k , K, K ; Tabml1.2.  dusnueckoe
000CHOBaHME 3TOM TPAaKTOBKM Oa3uUpyeTcsi Ha CpaBHEHUM AUQPPAKIMOHHBIX OTKJIMKOB OT
TU(PPAKIUOHHBIX ONTHYECKUX TPAHCIAPAHTOB C KPYroBoil rpadukoil ¢ JUPpaKIHOHHBIMU
OTKJIUKAaMH OT JIMHEHHBIX AaHaJOroB JU(PPAKIMOHHBIX OJIIEMEHTOB. B 3KCIepUMEHTaIbHBIX
UCCIICIOBAaHUSX IOKA3aHO, YTO JU(PPAKLMOHHBIE OTKJIUKUA OT JHMHEHHBIX AHAJIOrOB MOBTOPSIOT
TOJILKO OOIIYIO CTPYKTYPY IU(PPAKIMOHHBIX OTKIMKOB IO OCHOBHBIM OCsIM (paktanm3anuu. Dypbe
- (unbTpel B BUAE AUQPPAKIUOHHBIX TPAHCIAPAHTOB, MOCTPOCHHBIX Ha IpaduKe U3 CHCTEMbI
KOHICHTPUYECKUX M  PA3HECEHHBIX MO0 TOJNI0 TPAaHCHApaHTa OKPYXKHOCTEH  SBISIOTCS
IIMPOKONOJIOCHBIMU (PUIIBTPAMU ¢ OOraThIM CHEKTPOM AU(PPAKIMOHHBIX OTKIMKOB 10 BCEMY IOJIIO
TPAHCIIApaHTOB, B OTJIMYME OT Y3KOINOJIOCHBIX (UJIBTPOB Ha TpaHCHAapaHTaX C JUHEHYaThIMU
TU(QpPakUMOHHBIMU  CTpyKTypamu. KakoBa MaTematuyeckas MOJAOIUIEKa OOHApyKEHHOTO
(eHOMEHOIOTHYeCKOT0 AP PEeKTa MOKAKYT HAIIN PACCYKIACHUS IPUBOIUMBIC HIDKE.
BBenennas aBTopoM Tpuajia TpuroHomerpuueckux gpynkuuii (Puc. 1.7.), 3ameuarenbHa
cooTHoweHusiMu (1.19).
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Sin(Q - p)+ Sin, (Q -
Sid,(@, - p) = in(Q, p)2 in, (Q, - p)

Cos(Q2, - p)+ Cos,(Q2, - p)

2

DTO  COOTHOIICHWE, B COBOKYITHOCTH C YPaBHEHUSAMH TE€OMETPUYCCKOTO  ITOJIS
HpOCTpaHCTBeHHLIX 9aCTOT, BBIBCICHHBIX H3 peH_IeHI/IH 3aJa4ynl MAaTCMAaTHUYCCKUX 61/IJIb$IpIIOB B
KOMIUICKCHBIX (yHKIIMOHAJIAX [6], TO3BOJISET OMHMCATh BCE BO3MOXKHBIC BEKTOPHBIC TPACKTOPUHU
OMIBSPHOTO IIapa M HMX OTOOpaXKEHUS BO BHEIIHEE M BHYTPEHHHE NPOCTPAHCTBA KPYTJIOTO
OwIbsIpIa.

Cod,(Q2, - p)= (1.19)

a) Ly y ‘
N SinQp

Sing ot

Puc. 1.7. Tpuana QpyHKIUH KOMIJIEKCHOW TPUTOHOMETPUH
a) (hazoBOE MPECTABICHUE;
0) 4acTOTHOE MpECTaBICHUE

Kak wu3BectHo u3 Teopum mnonsa [13,14], ecnu mporecchl, MPOTEKAIOIMIME B CHUCTEME,

MOJTHOCTHIO OTHCHIBAIOTCS 3aJ]aHUEM JIBYX MEPEMEHHBIX X M y, TO OHU MOTYT OBITh U300paKEHBI B
JIEKapTOBOM cucTeMe KoopawHat. [Ipu 3TOM MIOCKOCTH (X, y) Ha3biBaeTCsl (ha30BOM TUIOCKOCTHIO
(3mech "¢aza" oznauaet "cocrosiHUe") U (a3oBask MIOCKOCTh — 3TO TUIOCKOCTh COCTOSTHUIN CHUCTEMBI,
a KaKJast TouKa Ha3bIBaeTCs U300pakaroleil TOUKOH.
Tak kak X W y ABIAIOTCS (QyHKIMSAMH BpeMeHH X=x(t) u y=y(t), TO C TEYEeHHEM BpPEMEHHU
n300pakaromas TOYKa OIMUCHIBaeT B (Da30BOM IUIOCKOCTH KPHBYIO, Ha3biBaeMylo (ha30BOM
Tpaekropueil. (M3BecTHbIN npuHIMN noctpoeHus ¢uryp Jluccaxy.) B Hamewm ciydae TpaekTopun
JBIKEHUS OWJIBIPAHOTO mapa GopMHUPYIOT (pa30BbIi MOPTPET MUKIMIECKOTO Mpolecca.

CoBOKYMHOCTh  (Da30BBIX TPACKTOPHH, COOTBETCTBYIOIIUX PA3IUYHBIM  3HAUCHUSM
HAYaJIbHBIX YCJIOBHM, Ha3bIBAaeTCs (pa30BBIM MMOPTPETOM CHUCTEMBI.
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HccnenoBanne mnoBeneHUs (Pa3oBbIX TPAaeKTOPUIl NO3BOJSET OTBETUTh Ha PSI BAXKHBIX
BOIPOCOB, pEIIEHHE KOTOPHIX HE MOXET OBITh HaHJEHO MLEeNBbIM pPAJOM CYIIECTBYIOLIUX
NpUOIMKEHHBIX METOJIOB.

Ecnu cucrema onuchiBaeTcst HE ABYMs, a TpeMs IEPEMEHHBIMH (CHCTEMa TPEThEro MOPSIIKa) U
T.J1. n-TIEPEMEHHBIMU, TO €€ MOBEIEHUE MOYKHO pPacCMaTpUBaTh B (Da30BBIX MPOCTPAHCTBAX X, Y, Z
nm X, Y,Z, ... N.

BrionHe o4eBHMIHO, YTO peaybHble TPACKTOPHMM  OWIBSIPAHOTO IIapa B IMPOCTPAHCTBE C
[IPaBOCTOPOHHEN TPOMKOU 3JIEKTPOMArHUTHBIX BEKTOPOB ( E, H u k) u peanbnsie yactu
0TOOpa)KeHUH ATUX TPAEKTOPHUI B PELICHUAX 3aJjaud MaTeMaTUYeCKUX OMJIbAPAOB B KOMIUIEKCHON
¢dopme onuchBalOTCS B EBKIMAOBBIX MHOTOCIOMHBIX (Da30BBIX IIOCKOCTSX, T.€. B IUIOCKHX
cedyeHusix 3 WM 1 -MepHBIX cdep (LIUITUHIPOB).

1.2. HeeBK/IMI0BBI TPAKTOBKH pellIeHUI MaTeMaTHYeCKUX OMJIbSIPAOB B KpPyre U 7- MePHbIX
cepax
JleTanpHOE pacCCMOTPEHHE MATEMAaTUUYECKUX U (PU3HMUECKUX OCHOBAHUH C MO3ULIUNA MOCIETHUX
JOCTI)KEHUM MO HAHO- CTPYKTYPHOMY CHHTE3Y KOMITO3UTHBIX MAaTE€pHUajoOB C OTPHLATEIbHBIMU
nokazaressiMe pesiomsieHust [16...24] mpuBesao K TOHUMAHHIO TOTO, YTO JAPOOHO-PAIIIOHATEHBIMA

*
= =

YHUCIIaMU K U K OMHUCBIBAIOTCS TIPOIECCH U TPACKTOPUH Ha HEEBKJIMAOBOI TIocKoCcTH. BeposiTHee
BCEr0 3TUMH YHCJIaMU OIUCBIBAIOTCS MPOLECCHl Ha IMJIOCKOCTAX JIoGaueBCKOro B MHTEpIIpETALun
[Tyankape [25,26], mpu KOMIUIEKCHOM pPEIIEHUU 3aJa4d MaTeMaTH4eCKHX OMIbSIpAoB B kpyre. U
reoMeTpusiMiu MuHKOBCKOTO M PuMana [28,29], a Tak ke, 0000meHHoi PuManoBoii reomerpueii —
reomeTrpueil OuHcIEpa, eciau CUCTeMa OIMUCHIBACTCS HE JABYMs, a TpEMs MEPEeMEHHBIMH (CHcTeMa
TPETHETO MOPAAKA) WIM N-TIEPEMEHHBIMHU, NPU PEIICHUHU 33Ja4d MAaTEMaTUYECKUX OUIIBAP/IOB B 7-
MEpHBIX chepax.

HanmoMHuM 0CHOBHBIE onpe/ie/ieHHs] BbIIIEHA3BAHHBIX F€OMeTPHIA:

-reomeTpusi JIo6aueBCKOro OCHOBaHa Ha TeX K€ OCHOBHBIX IMOCBUIKaxX, 4To W EBKiHI0Ba
TeOMETpHs, 32 UCKIIOUEHHEM aKCHOMBI O MapaUIeTbHBIX MPAMbIX, (TATHIM moctynat). Hac Oyzaer
uHTepecoBaTh HHTepnperanus Ilyankape, T1.e. Mbl OylaeM paccMaTpuBaTh IIJIOCKOCTh
JloGaueBCKOro, pealin3yeMyl0 BHYTPEHHOCTBIO Kpyra, a MpsMble — BHYTPEHHMMH YacTSIMHU JIyT
OKPYHOCTEH, MEPECEKAIIIMX OCHOBHOM Kpyr opToroHaibHo. B uHTepnperanuu Ilyankape
METpPUKA BBOJUTCS C ITOMOIIBIO IBOMHBIX OTHOUIEHUM, IPUYEM BEIMYMHBI YIJI0OB HA MOJEIN TaKHe
K€, KakK M Ha IIockocTH JlobaueBckoro (Moaeb KOHPOPMHaAs).

- reoMeTpusi MUHKOBCKOTO — Ir€éOMETpUsl KOHEYHOMEPHOIO HOPMHUPOBAHHOI'O IIPOCTPAHCTBA,
T.e. aduHHOrO ™pOCTpaHCTBA, B KOTOPOM BBeAcHa MeTpuka MwuHkoBckoro. Hac Oyner
MHTEpECOBaTh METPUKA MHBApPUAHTHAs OTHOCUTENIBHO MApaJUIENbHBIX NEPEHOCOB, NPU KOTOPOM
pOJIb eAMHUYHOM chephl UrpaeT GUKCHPOBAHHOE LIEHTPAIIbHO-CUMMETPUYHOE BBIITYKIIO€ TEJNO.

- B o0meM Bujae, PMMaHOBa reoMeTpus - 3JUIMIITUYECKAs TEOMETPHUsS OCHOBaHHAs Ha
aKcuomax, TpeOOBaHMS KOTOPBIX OTIMYHBI OT TpeboBaHui akcuoMm EBkingoBol reometpuu (B
YaCTHOCTH AaKCHOMBI TapamjensbHocTH). Ocoboe 3HaueHWe Uis pa3BUBaeMON HaMU MOJENTH
urpaer chepa Pumana - chepa B EBxinnosom npoctparctse R(E1,t), Ha KOTOPYIO pacIIHpeHHAS
KOMITIEKCHAs! TIOCKOCTh C OTOOGPakaeTcss B3aMMHO OJHO3HAYHO M KOH(MOPMHO NPU TTOMOIIHA
cTepeorpaduIecKoi MPOSKIIHH.

- OuHcnepoBa TeOMETpUs — MeTpuueckoe o0000menne PumaHOBON reomeTpum.
Bo3nukia Benies 32 BBEIGHHEM OOILEro ONpPEEeHHs! AJIUHbI BEKTOpA HE OTPaHMYEHHOTO YaCTHBIM
PUMAaHOBBIM OTIpeeNieHHEM B BHUJE KOPHS KBaJpaTHOro W3 KBaapatuyHoil ¢gopmbl. Hac Oymyt
MHTEPECOBaTh KOMIIOHEHTHl KOHTPAaBapHMAaHTHBIX BEKTOPOB, KacaTelbHBIX K MHOrooopasuto M B
TOYKaX OTPAKEHUS B MAaTEMaTHUECKUX OUIbApAax 7- MEpHBIX cdep.[29].

Takum 06pazom, UCXOs U3 NpeanooxkeHuil BeIABUHYTHIX [1aBnoBeiM [1. I'. (cMm [losichenus
KOHKYPCY) O BO3MOXXHOCTH OJHOBPEMEHHOT'O CYIIECTBOBAHUSA B OKPYIXKAIOLIeM HAac (hU3MUecKoM
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IPOCTPAHCTBE-BPEMEHH YETBIPEXMEPHBIX CHCTEM, B KOTOPBIX OJHO HAalpaBJIEHUE SBISETCA

BBIJICJICHHBIM T10 OTHOILEHHUIO K TPEM IPYyTUM MOXKHO HPEJIOKUTH THIIOTE3Y M (U3UYECKU ee

apryMEHTHPOBATh, KOTOPAs 3aK/IH0YAETCS B CIEIYIOLIEM:

o B cuiy cymectBoBaHUMs TpHa/bl KOMIUIEKCHBIX TPUTOHOMETpUYECKHX (GYHKIMHA cMm. Puc

1.7, cBsa3annbIx BeipakeHueM (1.19) u qoka3anHoro Bhlle (akTa CyIIeCTBOBAHUS YETHIPEX CHCTEM
= =

CBA3aHHBIX B MaTeMAaTUYECKOM OWIIbSpAE BELIECTBEHHBIX MPABOCTOPOHHUX (K ,K ) U

*
= ~—

JICBOCTOPOHHUX (K U K ) YHCEJN, Pa3yMHO MPEANOIOKHUTH, YTO, IPH KBATEPHUOHHOM OMHCAHHUH
OWIBSIPIHBIX TPAEKTOPHUH B KPYyTE, ISl HUX HEOTHEMIIEMBIMHU SIBJISIOTCS JIBE TPAKTOBKHU:

- EBxmmnoBa n

- He EBkimoBa.

Kpome ToOro, coBepumieHHO OYEBHIHO, YTO JAOJDKHBI CYIIECTBOBATH Mapbl KOMILIEKCHBIX
OTOOpP@KEHHUI TPAaeKTOPUN MaTEMaTUYECKHX OWIBSPAOB B Kpyre BO BHEIIHEE M BHYTPECHHHE
MPOCTPAHCTBA OTHOCUTEIBHO OKPYXHOCTH (pelIeHHe 3aJadd Ha IJIockocTh). W mapsl
TUTICPKOMIUICKCHBIX OTOOpa)KEHUH BO-BHEIIHEE M BHYTPEHHUE IMPOCTpPaHCTBA Imap Mcmosb3ys
oOme BelpakeHus u3 Tabn.1.2 u BBOAS MX B COOTBETCTBYIOUIME (a30BbIE MHOXKHUTEIH MBI
MOJYYHM ITOJTHOE OMMCAaHHE BCEX IUIOCKMX KPHUBBIX M JIOMaHHBIX TPAcKTOpUM Ha EBKIMIOBOM
TUIOCKOCTH a, OTHOCUTENILHO €T0 IpaHullbl - cdepsl (pemenue 3D-3axaun).

*

<~ <~
Hcnonp3ys npeacraBneHne ApoOHO-palMOHATBHBIX TPASKTOPHH ¢ K =4/3, Kk =4 1o Tumy ux
<= <:*
CBSI3U C YHCJIAaMH K M K B MpaBoM cTosbie Ta6:.1.2 MbI MOKEM TTOCTPOUTH BCE KpUBBIE (OTPE3KH

«TIPSIMBIX» IMHUI) Ha 11ockocTu JIobaueBckoro B uHTepnperanuu [lyankape. Ha npumepe
0a30BOT0 pUCYHKa BO3MOKHBIX TPACKTOPHH C MCXOTHBIM BEIIECTBEHHBIM KO PHUIIHMEHTOM

(dpakranbHOCTH k=4, onIUIIIEM CHCTEMY TUIOCKUX KPUBBIX, TOPOXKIAEMBIX YECTBEPKOM
= :>* = C*
CBSI3aHHBIX BEIICCTBCHHBIX uncen Kk =4, k =-4, k =4/3, k =4; Ta6n.1.2 (cMm. puc. 1.8), B

KOMIIJICKCHOM IMPEACTAaBJICHUN

Y
S "

Puc. 1.8. ba3oBas cucrema MmiocKux KpUBBIX (PpaKTalIbHOTO PUCYHKA.
0" — OKPY’>KHOCTh paauyca R, sIBISIOMAsCS T00ABICHHOW MPOCTPAHCTBEHHO BPEMEHHOM
KOOPJIMHATOM, T.€. OTpaKaromiel KpUBO KPyTJoro MaTeMaTHUECKOTo OMIIbAp/Ia;

1 . . .

0" — OKpYyXHOCTb paguyca V2 R, sBndomasicss BHEUIHEW MHHUMOH 100aBIEHHOM
IPOCTPAHCTBEHHO BPEMEHHOW KOOPAMHATOM, T.€. KPUBOM BHEIIHEr0 OTOOpa)K€HUs KPYIJIOrO
MaTEeMaTHYeCKOro OWIbApaa;
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-1 o o o
0° — OKpYXXHOCTh paauyca TR, SBJISIIOIIASACS BHYTpPEHHEH MHUMONW a00aBIeHHOMN
2

IPOCTPAHCTBEHHO BPEMEHHOW KOOPIMHATOM, T.€. KPHUBOH BHYTPEHHETO OTOOpa)KeHUs! KPYyTJIOro
MaTEeMaTHYeCKOro OWIbApaa;
|—oruiCcaHHbIH KBaApaT (WIH KBAPAT, BIMCAHHEIH BO BHEIIHIOI MHAMYO OKPYKHOCTb 0');
2 — BIUCAHHBINA B OKPY>KHOCTh R AMaroHaJbHO OPUEHTUPOBAHHBIN KBAJIpaT;
3 — KBA/PAT, BIMCAHHBINA BO BHYTPEHHIOI MHAMYIO OKPYKHOCTb 07
4 — 4-x nemecTKOBas TUIOCKas KpuBas, oOpasyemasi IOJYyOKPYXKHOCTSIMHU paauyca R,
IIOCTPOCHHBIMM M3 TOYEK IHepecedeHHs X M Y CO CTOpPOHaMHU OINMCAHHOTO KBaJpara B MX
cepeauHax.
5 — acTtpomzonono0Has MIOCKas KpuBas (HA30BEM €€ MHBEPTUPOBAHHON OKPYKHOCTBHIO)
panuyca R
Kaxxnast u3 3TuX KpUBBIX MOXKET OBITh ONKCaHa B KOMIUIEKCHOU opMe [6] uepe3 nmapameTpsl:
K — k03¢ HUIMeHT HpaKTaIbHOCTH,
p — TeKyllee 3HaueHue BepirH (¢azoBas hopMa IpeaCTaBICHUS) WIH
t — Tekyiee BpeMsi (4acToTHas popma MpeCTaBICHHUS)
¢ — CKOpOCTb CBETa

j=A-1

e BriOpaB B kauecTBe NCWCTBUTEIBHONW BEJIWYWHBI THUIEPKOMIIEKCHOW (DYHKIIMU IJIA Kpyra -

=
EBKIMIOBEI BEKTOPHI, XapakTepu3yeMble KodpduuueHTaMu HpakTaaIbHOCTH K MBI, €CTECTBEHHO,
OyZieM ONMUCHIBATh BCE TPAEKTOPUH C MPUBICUEHUEM TUCKPETHBIX TPUTOHOMETPUUYECKUX (QYHKIMN

Z,{;jpj = sidi Q,-p)= R'mx,y[?,pj -exp j-%c-p (1.20)

-(a3zoBoe npencraBieHNe U

Zyf1)) = @, ) = Ry ) oxpl fo ot (1.21)

k-R-Sin%>
k

-IIPOCTPAHCTBCHHO-9YaCTOTHOC MMPCACTABJICHUC,

c
BcUuly p=————-1
2-R~Sm%>
k
. BriOpaB B KauecTBe JACHCTBUTEIHHOW BETUYHHBI KOMIUICKCHOW (YHKIMH [UISI Kpyra

HECBKIIMAOBBI BCKTOPBI — JOYTOBBIC BCKTOPHI Ha IIJIOCKOCTHU JloGaueBckoro B HHTCpIIpETAalN

p—
[lyankape BHYTpHU Kpyra, XapakTepu3yembie KoddduiumentaMmu QppakTaibHOCTH £K MBI OyJieM
OINKCBHIBATh BCE TPAEGKTOPUH C NPUBJICUCHHEM JUCKPETHBIX TPUTOHOMETPUUECKUX (YHKIIUN

Sin, (Q, - p)=2-8id, (Q, - p)—Sin(Q2, - p)- npu dhazoBom MIpEeACTaBICHUHN u

Siny (@, -1)=2-Sid, (®, 1) = Sin(®, - 1) - 1pu Y9acTOTHOM npescraBnesnn (Puc 1.7, Boipaxenue

(1.19))
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- . . 2m . 2m
Zc(k,pJ:sln}?(Qp-p):?_-R-m [;_ ]-exp Jo—pP|-R-exp| j-— p|=
x?y 5p
k k (1.22)
. 2n
=R-2-m . \—-D-exp| j-—p
x,y(k,p] k
-azoBOE TIPEICTABICHHUE
zZ . =sink(mp-t)=2~R~mX’y(<;t -exp j~CL~t —R-exp j-L-t =
o] ) k-R-Sin T/ R'Sin%
k k
=R-(2-m,_. —1)-exp j'CL't
[ktj k-R-Sin%
k
(1.23)

- IPOCTPAHCTBEHHO-YAaCTOTHOE MPE/CTaBICHUE,
Jly1s TOro, 4TO OBl IPU MPOYTEHUN HE BO3HUKAJIO ABOSIKUX TOJIKOBAHUN, PACCMOTPUM
BeIpaxkeHus (1.21) ... (1.23) ¢ Touku 3peHHs aHATH3a CHMBOJIBHOM 3aIMCH STUX BBIPAKEHUI.

Z R(?; pj ; ZG(; pj -7IBYX TapaMeTpHYeckHe KOMILIEKCHBIE (pyHKIIHOHAIBI OT KOMIUIEKCHBIX

= =
napameTpoB (MPU BEHIECTBEHHBIX K M *K - IUCKPETHHIC 3HAUCHHUS ); U TEKYIIUX 3HAUYCHUIX

BEIIIECTBEHHBIX MAPaMETPOB p; TIPH p= ceil(p) — TOUKH Hayasla U KOHIIAa BEKTOPOB (OTPE3KOB
OMITBSIPIHBIX TPAEKTOPHUI OT OJHOTO OTPAXKEHUS JI0 IPYTOTr0 OTPAKCHHUSA).

Bripaxkenus (1.22) u (1.23) sBASIOTCS NpeICTaBICHUSIMUA HEMPEPBHIBHOMN
MI0CJIEIOBATEIFHOCTH HETIAPAKCHAIBHBIX JTYUEBBIX TPACKTOPUI HIIH MTOCIIETOBATEILHOCTH
TPAEeKTOPHIl BEKTOPOB, Y KOTOPBIX KOHEIl MPEIbIIYIIETr0 BEKTOPa COBIIAJAET C HAYalIoM
MOCJIEIYFOIETO, IPH UX OTPAKEHUSIX B KPYTOBOM OMIIBSIpIIE.

DT BBIPAXKECHUS B PAJAMOIICKTPOHHUKE XapaKTEPU3YIOTCS KaK BhIPAKEHHE aMILIUTYTHO-
dazoBoii MogysanuK. PaccMoTpuM €x 1o- WICHHO.

JleficTBUTENHHO SKCIIOHEHIIMAMbHbIe YacTu BhipaxkeHuit (1.21) u (1.23) npeacrapinstot coboit
GyHKIUIO

@ p)=Reexp| -2 p | = RicosE p) - sin(E - p) (1.24),
k k k
OHH XapaKTepu3yIOT BpallleHHEe [ICHTPUPOBAHHOTO BEKTOpa ¢ MOjyJieM |R| MpoTHB 4acoBoit
CTPEJIKH, IPY KOTOPOM BEPILUHBI BEKTOpa f(Q - p), U p=ceil(p) COBNANAIOT C TOUKAMHU JACTICHUS
=

SIMHUYHOM OKPY>KHOCTH Ha BEIIECTBEHHBIC YHCIa K =k

IIpumeyanue:

U3 Teopun ananuTuyeckux dyHKuMi, Haie Boipakenue, f (€2 p), 3anucanHoe i OKpyKHOCTH

o

eJIMHUYHOTO pajuyca R=1 B KOMILJIEKCHOM MJIOCKOCTH C, UHTEPIPETUPYETCS TaAK:
Z K/
-ecmun k =k - HaTypanbHOE UMCIIO M ¢ — KOMIUIEKCHOE YHCII0, TO A/ C (KOpeHb k —CTENeHH U3 C) eCTh PellieHHe

k N
ypaBHenuss Z = C . Ilpu 5ToM cripaBemmuBo yreepikaenue: npu € # () cymectByeT poBHO k pasivuHbIX KOpHEH A-if
creneHy u3 c. OHU onpexneAoTcs GopMyIaMu
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Ko - @(COSW% Liesin W%) (1.25)

, @ =argc u p=0,1,2, ..., k-1 , HO MBI UMEEM

rac k1 / |C| - apI/I(i)MeTI/I‘IGCKI/Iﬁ KOPCHb M3 MOJIOKUTCIBbHOI'O YUCJia |C

JeJI0 ¢ CUCTEMOM TOYeK, CIeA0BaTeNbHO, B U3BECTHOM BhIpaxkeHuu (1.25) ¢ = argc =0.

MareMaTHUYECKH 3TO YTBEP)KICHUE MOXKHO HHTEPIIPETUPOBATh TaK, 3aBEPHYB B KOJIbLO 0Tpe3oK AB, (Puc.1.1) mbI
00BeTMHIIN TOUKU A U B B OIHY TOUKY A4 U, fajee, eAMHUYHBIN OTPE30K JIeIUM Ha CUCTEMBI TOUEK, MTOJIOKEHHE

2.1

KOTOPLIX ONPEACTIACTCA HUKITUNICCKUM (l)aSOBI)IM MHOXXHTCIICEM Qp =" p . Tem CaMbIM, BO BCCX HAIIUX

o

NapaMeTpHYeCcKUX MPeICTABIEHUAX MBI IIEpELLT OT KomiuiekcHoi miockoctn C k 06bIuHOM EBKINI0BOM MI0CKOCTH

o

C MOJIHBIM MEPEHOCOM BCEX CUMBOJIBHBIX MpescTaBienuii miockoctn C Ha peanbHyr0 (PM3HYECKYIO IIOCKOCTb.
B sTOM cityuae, peanbpHas yacTh 3a/1a4d MaTEMaTHIECKUX OMIIBAPIOB B KpyTre ONUCHIBAETCS 3a1adeh

. k
OTBICKaHHS apUPMETHIECKUX KOPHEW k — CTETIeHN U3 MOJI0KUTEIBHOrOo ncia 1, T.e. \/I .
B yacTtHOCTH 7151 CHCTEMBI HEapaKCHABHBIX JTy4del (BekTopoB, Puc 1.8) Toukn nx Havama ¥ KOHIA IS
JIMHEWHBIX BEKTOPOB EBKIINIOBOM MJIOCKOCTH MOKHO MPEICTABUTh B BUJIE:

A =0 =c050+j-sinO:1

(\/_) _COS—+j s1n2l:j
4 4
(1.26)
(4\/1)17:2 =CoST + j-sinwt = —1

6 . . 61 .
(4\/I)p23 =CoS——+ j-sin——=—j
4 4
rae: j=~/—1
I[IpencTaBinseT MHTEPEC Apyras, - HEM3BECTHAs TPAKTOBKA, & MMEHHO, KaK MaTeMaTHYECKH

= <~
XapaKTepu30BaTh KBATEPHUOHHYIO Hapy uucen k nk ?
Jlorudecku OYEBHMJIHO, YTO OHKCIOHEHLMaJIbHas 4acTh BblpakeHus (1.21), T.e. QyHkuus

=
f(Q,- p) umeer 3epkanbHOE (OTHOCUTENHHO OCU X) OTOOpa’keHHE B HKCHOHEHIMAJIBHON YacTH
BeIpaxxeHus (1.23), T.e.

< .2 2. .. 2
f(Q, p)=R-exp(j-——p)=R-(cos(—— p) + j -sin(—- p)) (1.27),
k k k
a, CJEIOBaTEeIbHO, st He€ MBI TaKkkKe MOXKEM JaTh TPAKTOBKY IO OTBICKAaHUIO
=
apuMeTHUeCKUX KOpHEH k :ﬁ — “JIeBOCTOPOHHEN” CTENEHU U3 MOJOKUTEIBHOTO uucia 1,

(ecmu mpumeM R=1), T.e. E/I u o aHayoruu ¢ (1.26)
4

({/I)pzo =cos0+ j-sin0=1

4

@/

4

@)

—cos6.n +J sin6.TE Jj
=eosS Ty ssin 8
4 4 (1.28)

poy =C€OS3m + j-sin3n = -1

: 2-m 2-m
(%/I)p:3 :COST—F‘]‘.SinT :j
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Takum o00pa3oMm, oOcCTaHaBIWMBasCh Ha TpakToBke (¢yHkmuonamoB (1.21 wu 1.23),
paccMaTpUBaeMbIX Ui JUCKPETHBIX 3HAYCHUH p = ceil(p), T. €. -HAaUMEHBIINX IIETBIX YHCE,

XapaKTepU3yIoOUMX TeKymuid (a3oBbli mapaMerp p, Mbl MOXEM KOHCTaTHpPOBaTh, YTO
OKCMIOHCHIIMATbHBIE YacTH ATHX BBIPAXKCHHUH TMO3BOJISIIOT pPacCMaTpUBAaTh WX KBATEPHUOHHOE
OTMHMCaHUE B COOTBETCTBHMH ¢ BekTOpHOU anredporr Kmuddopma [30] wnmm Oonee mo3mHen
TPAKTOBKOM anreOpsl CONpspKEHUM, HaMeueHHOH B paboTtax [1,34]

B nmpuBeneHHBIX TpPAaKTOBKAax M 3aKJIIOYEHAa THOCEOJIOTUS PA3IUYUil  CHMBOJIBHBIX
NPEJCTaBICHUNA  OKCIOHEHIMAIBHBIX  WICHOB B  yPaBHEHUSAX  T'€OMETPUYECKOTO MO
MPOCTPAHCTBEHHBIX YacTOT, B CPaBHEHUWUM C CHMBOJIBHOM 3allMChl0 ypaBHEHHM MakcBea,
HanpUMep, AJIs clydass CUMBOJILHOTO OTMHMCAHUS TUIOCKOM MOHOXPOMATHUYECKOH BOJIHBI, Y KOTOPOU

i(kz—ot)
BCC BEJIMYHUHBI MTPOMOPIHOHAIBHBI € , ¥ KOTOpasi B KJIaCCHYECKOM IPEICTABICHHH MOXKET
OBITh 3aIIMCAHO B BUJE
o)
[kE]==pH
c
(1.29)
0
[kH ] =——c¢F
c
o 2.1
[TosToMy Hamo pa3IM4aTh WHTETPANBHBIA apryMEHT @ = - (rne T - mnepuon

3JICKTPOMArHUTHOTO KoyieOaHust [cek], a ® BoeIpaxkaercs B I[1=Il/cek ), HWCHOIB3yeMblld B
KIIACCUYCCKUX YPAaBHCHUAX OJICKTPOAWHAMUKH, B CpaBHCHHU C HUCHOJbB3YCMbIMU aBTOPOM
POCTPAHCTBEHHO- YACTOTHBIMH M., ® . U ()a30BBIMU apTyMEHTAMHU

p p
= 2.z < 2'm
QP:T )51 QP:T (130)
k k

Jlnis ypaBHEHUH 3JIEKTPOANHAMUKH, AJIS TOUYEK JUCKPETHBIX 3HAYEHUH f, mapaMeTp ¢ B
BbIpaxkeHuH (1.25), @ = argc # 0, a OH B TOYHOCTH PaBEH © .

. TE o o
¢o=0= T B OTJIMYME OT HAIlllel TPAKTOBKH, B KOTOPOI MbI oOpalaemMcs K aHaJIu3y apryMEHTOB

= =
0., n_,Q ,,Q  kak dpasosbiM pyHkuusm  f(kz) skcnoHeHUManbHOM Gopmbl Makcseia.
p p

T. e. MBI oniepupyeM He C MOJIHOM 3JEKTPOMarHuTHO! BosiHOM (1.52), a pacusneHsiem ee Ha
4eThIpe (ha30BbIe XapaKTEPUCTUKU OT TEKYIIHX MapaMeTPOB p U f TIPH 3aJaHHBIX Ha4aJIbHBIX

YCIOBUSIX
Q, p="0=0uQ, p=""0=0uQ, p=""u Qpl-pzzi (1.31)

k

Camu Tekyue 3HaueHus (FeOMETPUUECKHE MECTa TOUEK B IPOCTPAHCTBAX BPEMEHN)
OTIPECIISAIOTCA BTOPHIM (MOAYJISIIUOHHBIM) COMHOXKUTENEeM B BhipaxkeHusx (1.21) u (1.23)

cos(™ k)

kp) ~ COS% . (1 +2p-— 2Ceil(p)))

OTta PyHKIUS SABISETCS aMIUTUTYIHO-(a30BOM KOMIUJIEKCHON TPUTOHOMETPpHUIECKOU (PyHKITHEH
MOJYJISIIIUH peabHbIX YacTell Beipaxkenuit (1.21...1.23) u popmupyer npsAmMyro JUHHUIO B OJISPHOM
CUCTEME KOOPJIMHAT, B KOTOPOIi, [10 CYTH JieJia, IPEACTABISAIOTCS apaMeTPUUECKIE OMTUCAHUS
(a30BBIX IIOCKOCTEH BHYTPH KPYyTa;

Ho cymectByer, kak 0ka3aiaoch, elie u Apyras MOAYJISIUOHHAs QYyHKINS:

(1.32)

mx(



- aMIUIUTY1HO-(ha30Basi KOMIUIEKCHAsl TPUTOHOMETpUYecKask GyHKIMA MOTYJISAUN MHUMBIX YacTel
BelpaskeHuit (1.21...1.23), kotopas popmupyet “npsmMblie” IMHUIO BO BHEIIHEH cepe MossspHoi

sin(™ k)
My ep) = Sin(V . (1 +2p-2 .l( )))
A p —2ceil(p

18

(1.33)

CUCTEMEC KOOpAWHAT U OITMCAaHW BHCHIHHUX IIPOLCCCOB B (1)330BBIX IIJIOCKOCTSX.

B pesynbrare MOXHO KOHCTaTUPOBATh, YTO MOAYJISILIMOHHBIE (DyHKIMH U1 EBKIMI0BOM

IIJIOCKOCTHU O6L€,Z[I/IH$IIOTC$I TaK XK€ KOMIIJICKCHBIM (byHKI_[I/IOHaJIOM
m,, (k,p) = M) T my(k’p)

Hx rpaduku npencrasnensl Ha Puc . 1.10., a rpaduk runep0oau4eckoro MoayIsLiuOHHOTO

¢ysnkumonana npencrasieH Ha Puc 1.11. ¢ pparmentom nporpammel B MathCad 2000 Professional

m

(1.34)

kEad

Relr] b, i)

[LEN o =1

kd

Aclrsib, gy B N

. _ cos %

x(k.p) COS(% (1+2p- 2ceil(p)))

sin(™ k)
My ep) = sin(“/ (142 p —2ceil( )))
A p —2ceil(p

E=1.L13L7

el bgy Ol
SR &
-1

-8

k=304, 100

Il b, e B : ]

1 1 1
-l -2 L] E 1

Iral ragal b, £

Puc.1.10. I'paduxu

11 EBKIMOoOBOI
Y(k.p) o a

KOMIUICKCHBIX (YHKIMA aMILTATYIHO-YTTIOBON MOIYIALMU /M, (,  H

IUIOCKOCTH B 3aBUCHUMOCTHM OT BPEMEHU (BEpXHSS CTpOKa) U UX
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napaMeTpUuecKoe Ipe/ICTaBlIeHUEe mxy(k, p) Ul pealbHbIX M MHHUMBIX yacTed B (ha3oBoi

MJIOCKOCTH (HUXKHSIS CTPOKA).

Pe3ynbraTsl MoenMpOBaHNS MOAYJIAHMOHHBIX (QYHKIHHA IS THIIEPOOINYECKOM TNIOCKOCTH
MunkoBckoro B unteprperanuu [lyankape (¢pparments nporpammsl B MathCad 2000

Professional).
3
cos ™
ke, f) =
3 ) o
cog| — -1 + st — | 2 ced t
E sm(—] i-R- sin(—]
()
F111] E
myk,t) =
21 kil 1+ s st — | 2 ced s t
k N
R ogin| — 2-R - sin| —
&) 2)
&
cos ”
mgak.f) = KC
cos . + il St — | 2 ced s t
| vl =)
it 2 it
1K) (K
=)
e
mgy k. t) = M
si —k-l++-t— Zoeeil| — % 4
KB R-sm[“] 2-R-sm[“]
HE) (K (1.35)
k=2013. 10 k:=2.11,5. 100
1o T T T o T T T
S - sk -
AT —— | gy —— S ]
g — s -
T -Is ] Is o g —I_m :: I: o
Eqmga i, ) [ R gy ]

Puc.1.11. I'padux mapameTpuuecKkoro npeacTaBieHne KOMIUIEKCHBIX ()YHKIIMH aMIUTUTYTHO-
YIJIOBO¥ MOZYJIALIUH M ,, () ()" A1 PEAIIBHBIX I MHAMBIX yacTeil B ()a30BOii TIIOCKOCTH

MunkoBckoro B uHTeprperaunu [lyankape.

ngy
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AHanu3 pe3yJabTaTOB MaTEeMaTHYEeCKOIO0 MOJAETUPOBAaHUS, KOMIUIEKCHBIX (DYHKIIHIMA
AMIUIATY/IHO-YTIIOBOH  MOAYIALMH M, ) H My, 05 My (t,) TOKA3BIBAET, HTO WX

YHCJICHHbIE 3HAYE€HUsI 00pa3yroT CBOU PEKYpPPEHTHBIE YMCIIOBbIE CUCTEMBL. 13 pe3ynbTaToB BUAHO,
YTO 3TU (PYHKUHMH, TaKXKe — IOMAPHO OPTOTOHAJIBHBI M, TEM CaMbIM, OHHM TaKXe€ MOTYT OBITh
UHTEPIPETUPOBAHbl KaK CHCTEMbl CBA3aHHBIX BEKTOPOB. XapaKTEpPHO, YTO MapaMeTpU4eCKHUi
aHaM3 MHHUMBIX yacTei BelpakeHUH (1.54...1.56) , BbIABIAET (akT HENMPUHAIICKHOCTH LIEHTpA
OKPY>KHOCTHU 3TUM UYHUCIIOBBIM CHCTEMaM, ONpeAEsIeMbIM Ha HHTEpBaIax:

s,  (k.p).m

I/Im&,

g (k, p) xe|0...+1|~-|1...2|-~|2...oo ], ye|i1...ioo] JUIsL MHTepBala
X,y

xel-1..] u yel0..£1 ] ans unrepsana x €|t 1...+ oo|. [Ipu oTOM ycTaHOBMEHO, UTO Uncia 0, |

U 2 SBISIFOTCS IOJIOCAMHM B YHCJIOBBIX CUCTCMAX, XAPaKTCPU3YIOIINX KOMIIJICKCHBIC (bYHKHHH

aMHJIPITy,HHO-YFHOBOfI MOAYJIIOHUN mx(k’p) n I’I’ly(k ») ) mgx(k ) u mgy(k )

OTH MHTEpBaJIbl JyYllle aHAIM3UPOBATh HAa YBEIMYCHHOM MacliTade mapaMeTpHuecKuXx rpadukoB
Puc.1.11(6).
Crnenyer oOpaTuTh BHUMaHHE HA MHEMOHUYECKOE IIPABUIIO Pa3IHUCHHUS

rpauKoB (PYHKINOHATIOB m, (k,pym m_ (k,p). dng npaBOCTOPOHHUX YHCIOBBIX CUCTEM
X,y X,y

&,

k , 11 KOTOPBIX HUCIOJIB3YIOTCS IpaUKU (PyHKIIMOHAJTIOB m, (k, p) crymeHue KpuBBIX BIOJIb
x,y

=
ocm Y MMPpOHUCXOAUT CcCHpaBa , a IJd JICBOCTOPOHHUX YHUCIIOBBIX CHUCTEM k , ML KOTOPBIX

ucnomnp3ytorcs rpaduxku pyHkunonanoB M (k,p), cryueHue KpUBBIX HaAOJIONAETCS BIOJb

g X,y
ocH Y cieBa. AHanu3 TUX TOHKOCTEH B IAHHOM M3JIOKEHUHW MaTepHalia, Ha MOM B3TJISI, M3JIHIICH.
k=11,1.21.7

Re(mek,f) 0

-2 -1

mz k. {)

Puc.1.11(a) I'paduk mapameTpuueckoro npeacTaBieHNe rUnepooInIecKuX KOMIUIEKCHBIX

(GyHKIHMIA aMIUTATY IHO-YTTI0BOM MOIYISUMH M, . U M, .. JUISL pEaIbHBIX YacTed B (hazoBoi

(k) (kyt)
IUIOCKOCTH MUHKOBCKOTO B MHTEpnpeTanuu [lyankape B yBeanueHHOM MaciTaoe.
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PesyabTarsl monesupoBanusi ypasuenuii (1.21 u 1.23) n npeacraBiienue EBKJINI0BBIX U
HEeBKJINAOBBIX BEKTOPOB, WLIOcTpupyercs Ha Puc.1.11 n Puc.1.12, cooTBeTCTBEHHO

=4
ol
. B
tto
w T T T 20 T T T
PN
A . X ]
I ;::J‘\\ 1n !‘,Hf' -\\
. 4B VAN RN f X
< o LK A2 S | | .
NN { b
vl AN yd
lap v{vf — n h:""---._.---f‘- —
et T ; T W Lt o ; T 0
R Lk, o, CH), 1) Fif Tmh, o, D00, 0}

£

= =
Puc.1.11(6) MonenupoBanue JnHeNHHBIX BeKTOpoB ¢ k =4, (Puc.1.11. a) u x =-4 B EBkinnoBoii
IUIOCKOCTH M KOMIIEKCHBIE OTOOPaKEHHS B CMEKHBIX 10X EBKINIOBBIX MI0CKOCTEN
De[-1,0,1], (Puc.1.11. 6)

@parment nporpammsl B MathCad 2000 Professional

i

W

Zm(k,t,D) =R - (k,t)~(2~ i (f
m( my| sin k))

27{;“\41\

Y\D . Z'R'Sin(T) ) _x(D+1) x(1-D)

Zr(k,t,D) := R - m(k, t) - (2. sin(E e k 2 k
kJ))

Zn-[l ¢ \4\
2<R-sin(l
k) ) ,n«ﬂoo{ c t\ﬂﬂpmi
k ) (n\ 2 k
2-R-sin| —

k) )

2| 1— c ~t\
. ( 2~R~sin(%))

il - +7-floo g t\+ﬂ+(l—D)%

TE\\\D 2-R-sin(£) } 2
Zmg(k,t,D) ;=R - mgy(k,t) - (2- sin(— -e k
kJ))
27! 2 -1-1\
2<R<sin(l\
\\D | k) )+n~(D+1)+n-(l—D)
Zgr(k,t,D) =2 Zr(k,t,D) — R - (2. sin(gjj e k 2 k

ZD(k,t,D) := Zr(k,t,D) + i- Zm(k,t,D) (136)
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.
<= <=
Puc.1.12. MopenupoBanue HeIMHEHHBIX BeKTOpoB ¢ k =4/3 (Puc.1.12. a) u x =4 B
iockoctd JlobaueBckoro B nHTepnperanuu [lyankape 1 KOMIIJIEKCHbIE OTOOpa)KEHHsI B CMEKHBIX
ciosx Tuiockoctei JlobaueBckoro B kpyre, st cioeB D e [-1,0,1], (Puc.1.12. 6)

Kak BugHo m3 Puc. 1.11. u Puc. 1.12., xoMmIiekcHbIE OTOOpa)KEHUs pPEabHBIX BEKTOPOB,

=
XapaKTEePU3yEeMbIX IMPAaBOCTOPOHHUMH Kod(duiinentamu ¢paktanpbHoctTn &k =4, ( mpu D=0 ),
OTpeAeNsoTcs B Kpyre, Kak mius EBkimmoBod, Tak u st miockoctu JloGadeBckoro B

<=
uHTepnpetaunu Ilyankape ¢ x =4/3.
KommekcHble ~ OTOOpakeHHMsi ~ MHUMBIX  HEJIWHEHHBIX  BEKTOPOB,  XapaKTePH3yEeMBIX

*
=

PaBOCTOPOHHUMH  OPTOTOHAIBHO-CONPSDKEHHBIMU KodpduuuenTamu QpaxranpHocTH K =-4, (
npu D € [-1,0,1]), onpenensitoTcst BHE Kpyra, A EBKIMIOBOM TIOCKOCTH.
A OpTOroHaNbHO-CONpPSKEHHBIE  BEKTOpbl  Ans  IuiockocTd  JlobGadeBckoro B

=

unTepnperaunu Ilyankape, ¢ x =4 oroOpakaroTcs Kak B Kpyre, Tak M BHE Kpyra. Jpyrumu

CII0BaMH,  BEKTOpbI,  XapaKTepU3yE€Mble  OPTOIOHAJIBHO  CONPSDKCHHBIMU  JIMHEWHBIMU
*

=
koo dunmeHTaMn QpakTaTBHOCTH K W THIEPOOTUIECKUMHU KOXPPHUIMEHTAMH (PPaKTaTbHOCTH
*
=
K , JENAT BHEUIHIOIO 00JIACTh KpyTa C IEHTPOM B OECKOHEYHO yIaJICHHOI TOUKeE.

OcraeTcst pemuTh BOIPOC, KaK CBsA3aTh KOMIUIEKCHbIe GyHKuuoHansl (1.21...1.23) s
BceoOBeMitroniero 3D-onucaHusl TEOMETPHUYECKOTO TIOJIS MAaTeMaTHYeCKUX OWIBIPAOB B cdepe,
yepe3 NpeCcTaBiIeHNe B BU/IE TTOJIMKOMIUIEKCHOM YMCIOBON CUCTEMBI?

Pasjgen 2. AHaJIM3 BO3MOKHBIX BADHAHTOB MOCTPOCHUSA THIIEPKOMILIEKCHbBIX

3D - ¢ppaKkTAIBbHBIX KOH(PUTYPALMH.

Ha ocHOBe BBOAMMOrO NPEANONOXKEHUS: BCe OObEMHBIE KOH(MUTYpaluu, BEPOSTHO,
dopMupyroTCS TpUAION CONpATaeMBIX APYT C IpyroMm map npaBwibHbIX [lmatoHOoBRIX Tem. Ilo
aHAJIOTUH C KPUCTALIOrpaUIecKuM ONpPEICICHUEM — «CUHTOHUMY», OyJIeM Ha3bIBaTh TaKue Maphbl
[11aTOHOBBIX TN — PPAKTOHUAMHU.

OT0 ompeeneHre NOCTPOSHO Mo MPUHIMITY coequHenus: fractional (aHri.) — 1poOHBIM 1 onia
— cyduke, xapakTepu3yronii 00beMHbIe (pyHIaMEHTaTbHBIE KOHCTPYKITHH.

B pesynpraTe MOXHO Ha3BaTh CIEIYIOUIYIO TPHUAAy HUPPALUOHAIBHO COWICHSIEMBIX I1ap
NPaBUIBHBIX OOBEMHBIX TEJ — PPAKTOHUN:

e Terpasap — TeTpasap, - nepBasi PpaKTOHHS;
e Okrasap — Ky0, - BTOpas (pakToHMS;
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e Ukocadap — momekasp, - TPEThs PPaKTOHUSI.

e
s e |
®pakronus 1. ®pakToHus 2. @®pakroHus 3.
Terpasap-TeTpasap OxTasip-Ky6 Hkocaap-poaexasip

Puc. 2.1. Tpu 6a30BbIe OCHOBBI BO3MOYKHBIX (DPAKTAIBHBIX TOTIOJIOTHH.

JlokaxxeM Hallle MpearoyiokeHrne, IOCPEICTBOM PaCCMOTPEHHUSI T€OMETPUUECKOTO MTOCTPOCHHUS
9TUX TMap B MPOCTPAHCTBE, KaK pe3ynbTaT (pakTalbHOrO pa3BOpOTa, KaK BO BHEIIHEE —
[EHTPOOEIKHOE, TAK U BO BHYTPEHHEE — IIEHTPOCTPEMHUTEIFHOE HAIPABJICHUS.

JleicTBUTENBHO, €CNIM paccMaTpuBaTh NPUHLUIBI OOBEMHON (pakTalu3aluu HUCXOAS U3
BBEJCHHOW B [3,0] Momenn KOHGUTypaluy TIPOCTPAHCTBA, KaK (PaKTaTbHOH CTPYKTYPHI
MOCNIEOBATENbHO BIIOXKEHHBIX JPYr B JApyra (M0 TNPUHIUINY «MAaTPEIIKH») chepruuaecKux
IPOCTPAHCTBEHHO-BPEMEHHBIX 000JI04€K, MO’)KHO KOHCTaTUPOBATH CIEIYIOIINE YTBEPKICHMUS:

e UeTblpexMepHOE «IPOCTPAHCTBO-BPEMS» XOPOIIO OMHUCHIBAETCS  KOMILJIEKCHO3HAYHBIMU
GYHKIIUSAMH ~ KOMIUIEKCHBIX ~ apryMEHTOB, MaTeMaTHYeCKUW amnmapaTr, KOTOpPBI  Ha3BaH
reOMETPUUECKUM ToJieM npocTpancTBeHHBIX yacToT (I'TIITY).[5...8]

e VYpaBHEHHE T€OMETPUYECKOTO TMOJISI MPOCTPAHCTBEHHBIX YacTOT [6] BBIBEJEHBI HAa OCHOBE
00BEMHBIX KBAaTEPHUOHHBIX IMPEJICTaBICHHUM, HO 0a3UPYIOTCS HAa CTPOTOM PELICHHUH TUIOCKOCTHOU
3aJjaul MaTeMaTU4YEeCKUX OMIIbIPAOB B KpyTe

Kak crnemyer u3 mNpoBEAEHHBIX UCCIEAOBAHMM M BO3MOXHOCTEH mocTpoeHus 2D -
dpakTanbHBIX KOHQUTYpAIHii, a TaK K€ MEepPBbIX MOIXO0J0B K OCO3HAHHUIO 3aKOHOB (hopMHpOBaHUS
AIIEKTPOHOTPAMM U TU(GPAKITUOHHBIX CBOMCTB 0OBEMHBIX KPHCTAUIMYECKUX pemeTok [3,12,15], B
KayecTBe HauOoJsiee MPOAYKTUBHOIO MaTeMAaTUYECKOTO ammapaTa, @pU MOCTPOCHUU (UBHUKO-
MareMaTtndeckod moaenu 3D - (pakTalbHBIX KOHCTPYKIMH,  II€JIeCO00pa3HO HCIIOIh30BaTh
OCHOBHBIE  ypaBHEHHUS T€OMETPUYECKOro 1Mojs  mnpocTpaHcTBeHHbIX  vactor  (I'TIIY),
Moau(UITMPOBAaHHBIC B HACTOSIIEM ucciieqoBanuu [38] B ypaBaenus (1.43...1.46).

HanmomMHMM, YTO OCHOBHBIE YpPaBHEHHUS I'€OMETPUUYECKOTO IIOJS IPOCTPAHCTBEHHBIX YaCTOT
BBIBEJICHBI M3 PACCMOTPEHHS] MOJENN aHaiu3a (POKYyCHPYIOUIMX CBOMCTB ONTHYECKON cdepbl U
cepuueckux 06o0uek [6... 8], mpu aHaTU3e KOMIUIEKCHBIX 0TOOpaKeHU BEKTOPHBIX BEIMYHH B
MEPHUIMOHANIBHBIX M CATUTTAJILHBIX CEUEHUSAX Ha3BaHHBIX 3JIEMEHTOB.

T.e. 6a30B0il OCHOBO¥ SBUJIOCH OJHOE PEUICHUE 33]a4l MaTeMAaTUYECKUX OMIIbSIPJIOB B KpyTe
C ONMCAHHEM KOMIUIEKCHBIX OTOOpa)K€HHI BEKTOPHBIX TPAEKTOPUN B Kpyre BO BCEOOBEMIIIONIEM
NPOCTPAHCTBE BHEILIHEE U BHYTPEHHEE 110 OTHOIICHUIO K TOBEPXHOCTH CEYCHHUS CHEPBI.

Onnako eme B [6] oTmedanock, uro noctpoeHue ypaBHenuit ['TIITY Tpebyer paccmorpeHus
KBAaTEPHUOHHBIX THIIEPKOMIUIEKCHBIX cHucTeM. OpHako, A0 yriayOneHHOW NpopaboOTKH ITHX
MOJIO’KEHUH aBTOP B TOT MEPHUOJ elle He ObLI roTOB. B HacTosIeM BpeMs pacCMOTPHUM U COTrjiacyeM
o0Iye TMO3MIUH, Ha KOTOPBIX IPEAINOJIAraeTcsi CTPOUTh (U3NKO-MATEMATUYECKYl0 MOJEIb
THIEPKOMIUIEKCHBIX 3D - pakTalbHBIX KOH(UTYpaLUi.



24

PazButne teopum anredOp HauymHaeTcss ¢ pabotel B. TamminbTOHA 0 KBaTepHHOHAX,
HaneyatanHol B 1843 roxy [31].

OpnHako anreOpa KBaTEpHUOHOB SIBJISIETCSl anreOpol Haj MOJeM JIeHCTBUTENBHBIX YHCIE, T.€.
BEIMYUHBl a,,d,...d,, SABIAIOMIMECS KOX(PQUIUEHTAMU B BBIPAXEHUU a,F; + a7, +...+a,F, I

0o
9JIEMEHTOB 71 -MEPHOM aNreOpsl ABJIAIOTCS ACHCTBUTEILHBIMH YHCIIAMH.

[Ipu moctpoernn 3D - QpakTanbHBIX KOHQUTYpalMii HAM TpPHUIETCS paccMmarpuBath 3D
anreOpsl HaJ| TOJIEM KOMITJIEKCHBIX YHCEIL.

Kak moxa3piBaeT npeaBapUTEIbHbIN aHaIM3 OOLIUE BBIPAXKEHHS B T'MIIEPKOMIUIEKCHOM BHJIE
HaJ 10JIeM KOMIUIEKCHBIX (hyHKInoHaoB Tuma (1.43...1.46), npeacTanyT B BUAC KBATCPHUOHOB H
OKTaB.

K »TOMy BBIBOJY MOXHO TIOJOWTH C TO3MIMA aHaM3a TpaHCcHOpPMAIIMKA —OIeparyid
(bpakTamrbHOrO pPa3BOpOTa C PACTSHKEHHEM BEKTOPOB B TPEX OPTOTOHANBHBIX CEYEHUsX 3D
(bpaKkToHMIA.

B TpexmepHOM mpenCTaBIeHMHM OHHU TmepeidayT B 3D KOHQUTypaluu C JUCKPETHBIM
pacTsHKEHHEM U TUIABHBIM IPeoOpa3oBaHUEM PALMOHAIBHBIX KOH(UTYpaIuii B HppalroOHANbHBIC.
Onu, B cBOIO oyepenb, OyIyT MpeBpamiaTbCcs B pallMOHANbHBIE U T.JA. 10 OeckoHeuHoctu (Puc.
2.2.). Ilpu 3TOM MBI Oy/IeM HCIIOJB30BaTh BHYTPEHHHUE MPOU3BEICHHS (JIJIs1 IICHTPOCTPEMHUTEIBHBIX
HaNpaBJICHUH), U BHEITHHE TPOU3BEACHUS (JUIsI LEHTPOOESKHBIX HAIIPABIICHHI).

Front

Perspective

Puc.2.2. Ilpumep npeoOpa3oBaHus pallHOHATLHBIX KOHQUTYpAIUil B HppallHOHAIEHBIC Ty TEM
(hpakTaibHOTO Pa3BOPOTA.

BepositHee Bcero, mpu mnoctpoeHun 3D - (pakTadbHBIX KOHGUIypaluil HaMm NpUAETCS
paccMatpuBath 3D anreOpbl HaJ 1MOJIEM KOMITJIEKCHBIX YHCE.

Kak moctpouts Takme anredpst ans ¢ppakronmii I u 111 kmacca (ecm. puc. 1.13 a u ¢) nmoka He
scHo. bonee monaTHO mocTpoenue 3D anreOpbl MAaTpUIl HaJ MOJEM KOMIUIEKCHBIX YHCET IS
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KoH(puryparwmii mopoxaaeMsix 11 ¢ppakronueit. Kak uzectno [31] 11t Takux MaTpUIl TOPSIIIKA « 71 )
pasMepHOCTh Takoil anre6psl paBHa 4n°. B cBA3u, ¢ ueM MHOmOHAeM K mocTpoenuio 3D -
(dpakTanbHBIX KOH(PUTYpaIHMid UCXOIS U3 CIEAYIONIETO MPEIBAPUTEIFHOTO aHATTN3a
e (ppaxTanmbHbIC KOH(YUTYPALUU COOTBETCTBYIOLINE KyOHMUECKOW KPUCTANINYECKON CUHIOHUU
wm Il ¢pakToHMM (pakTanbHBIX CTPYKTYp, B CBOEM OCHOBE cojaepkaT ApoOieHue
MPOCTPAHCTBA O MPUHIMIMY abcomtoTHOro Kyba [8], mmeromero 13 oceit cummerpun. Kak
JI0Ka3aHo B npernpuHTe [11] 3T0 uncno onpenensercs: BbIpakeHueM

I'+P+B
N=——7—— (2.1)
2
rae ['- uucno rpaseil (6 IUT.), ONpENESAIONIMX HalpaBICHHE KOOpIMHATHBIX oced 3D -
IpOCTpPaHCTBA

P - gucno pebep (12 mrT.)
B - uucno BepmuH (8 miT.)

e [Ilpu sTOM OcH, IPOXOASIINE Yepe3 TpaHu aOCOIIOTHOTO Ky0a, B KOTOPHIE BIHCHIBAIOTCS

BEpIIMHBI OKTad[pa, C pAlMOHAIBHBIMH BBICOTAMH OYAyT ONPENCNIATh HAIMPaBICHUS

bpakram3anuu  (KIOHHPOBAHUS) B MPOCTPAHCTBE PAlMOHAIBHBIX KOMIOHEHT 3D -

(bpakTanbHBIX KOHPUTYpauii

e A ocu, TpoxoIfIIHe Yepe3 CepelrHbI pedep B abCOMOTHOM KyOe OyIyT OmpenemsTh

HampaslieHus1 ¢ppakTanu3auuy (KIOHUPOBAHHUSA) B MPOCTPAHCTBE MPPALMOHATBHBIX KOMIIOHEHT

3D - ppakTanbHBIX KOHGUTYpALTAA

e (Ocoboe 3HaueHWE TIPH BBIBOJIC 3aKOHOB MOCTpoeHMs 3D - (pakTadbHBIX KOH(PUTYpaIui

Oynyt wurpath 4 [OUaroHalbHBIX OCH (8 HaAmpaBlIEHWH) MPOXOIANINX Yepe3 BEPIIUHBI

a0COJTIOTHOTO Ky0a WJIM TOYKH TEPEeCceUeHUss OMCCEKTPUC B CEPEIMHAX TPEYTrOJbHBIX T'paHeH

Ky0a OKTa’pa.

Ha nam B3rosa 3TH HampaBieHHs SBISIOTCSA, €CIM MOMKHO TaK BBIPa3UThCS, OCHOBHBIMU
HATPaBICHUSMHU KOMIUIEKCHBIX HH()OPMAIIMOHHBIX OCEH.

[Tokaxem 3TO Ha MpUMeEpe PacCMOTPEHUS ONPEEICHNS KBAaTEPHUOHOB, - KOMIUIEKCHBIX YHCIa
C JIeTIEHUEM, BHJIa

a+bi+cj+dk (2.2)

C U3BECTHBIM 3aKOHOM YMHOKCHHS
it =—=1 =1,k =1
i-j=k ji=-k
Jk=i k-j=- (2.3)
kei=j ik=—j

KOTOPBI B BUJIE MHEMOHUYECKOTO TIPABHIa MOXKHO MPEJICTABUTh B BHJIE N300paKCHUS TPEeMs
TOYKAMH OKPY>KHOCTH, PACIIOJIOKEHHBIMHU I10 HaNpaBJICHUIO JABMKEHHUS 4acoBoil crpenku. [Ipu
9TOM MPOU3BEACHUE JIOOBIX IBYX YHCIE U3 TPOHKHU i, j,k paBHO TPEThbeMy, €CIIM ABMKEHHE OT
MIEPBOr0 KO BTOPOMY MPOUCXOUT MO YACOBOU CTPEINIKE, U PABHO TPETHEMY CO 3HAKOM MHHYC, €CIIU
JBUKCHHE MTPOUCXOTUT MPOTHUB YACOBOW CTPEIIKH.

Hcnonb3yeMylo MHEMOHHKY B IMpPEICTaBICHUM TAOIHIIBI YMHOXEHHUS KBATEPHHOHOB MOKHO
paccMOTpeTh € TO3UIMU TPEJCTABICHUS BEKTOPHOM 4YacTW KBAaTEPHUOHOB B Mojenu 3D -
(GpaKTATEHBIX CTPYKTYD.

Jnsa dero, Oyaem paccMaTpuBaTb TpPOHWKY BEKTOPOB i, j,k  OpPUEHTUPOBAHHBIMU

COOTBETCTBEHHO I10 OCsIM X,y U z (puc 2.3)
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K Y

A

Puc 2.3. Opuenranus MHUMBIX BEKTOPOB i, j,k 110 KOOpAMHATAM IIPOCTPAHCTBA.

B »TOoM cnydae B IIJIOCKOCTSIX TPEYTOJbHBIX TpaHed KyOOOKTa’ApOB MOXKHO 3TH TPOUKH
BEKTOPOB TMPEACTABIATh CO 3HAKOM «1», €CIIM Ha BEKTOP MBI CMOTPUM II0 TOJIOKHUTEIHHOMY
HaIpaBJICHUIO @ WIN CO 3HAKOM «-», €CJIM BEKTOP HAIpaBlicH Ha HaOromatens ©.

J1yis Bcex mIeCTHAALATH HApaBICHUN HAOIIOACHUS

- 8 HampaBieHUM IS IICHTPOOSKHBIX OTOOPAKEHHI BEKTOPOB
- 8 mHampaBieHHH Ui UEHTPOCTPEMUTENBHBIX HANpPaBICHUN BEKTOPOB I, j,K MOXKHO

MOCTPOUTH CBOM COYETaHHsI BEKTOPOB. [TosiCHEHHE BBIICTIPUBEICHHBIX MPEICTABICHHIH MOMXHO
MOKa3aTh Ha mpuMmepe puc. 2.4. a. u 6.

Z
[ ®
Y S @ k
| ok ®] ,
@k 4 - oj] @ Kk
. AT A
® | Ol ok ”
\ﬁ i : « \ A
o
VI \Y > K
U A A °
J - VIII
VI
a) J1nst HeHTpOOEKHBIX OTOOpaKEHUIT 0) U IEHTPOCTPEMUTEIBHBIX MPEACTABICHUN

Puc. 2.4. TlosicHeHne K EHTPOOEIKHBIM U IIEHTPOCTPEMHUTEIHHBIM OTOOPaKEHUSM BEKTOPOB MPH
MMOCTPOCHUU aJIFe6pI:I HaJ IMOJEM KOMIIJIEKCHBIX YHCECII.

B pesynbrate ans HEHTPOOEKHBIX MpeACTaBICHUN ((PaKTaIbHOrO pa3BOpPOTAa TOYKU HYJIA)
MOYKHO ITOCTPOUTh MHEMOHHMYECKYIO TaOJIUIy YMHOXEHHUS [UI1 KBATEPHUOHOB B Ka)KA0H U3 BOCBMHU
yacTel MPOCTPaHCTBA pa30UBAEMOr0 INIOCKOCTSAMU zX , Zy U X) Ha OKTaHTBHI.
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Tabu. 2.1.a. (151 IeHTPOOEIKHOTO MPEICTABICHHS)

Homep okranra

Howmep okranTa

k -k
| Q i ) i
j j
k -k
II Q i VI i
j
k
I Q -i VII i
y
k
v Q VIII i
|
Tabm. 2.1.6. (U1 HEHTPOCTPEMHUTEITHHOTO TPEICTABJICHUS)

Howmep okranTa

Howmep okraHTa

-k

-
k
-} -
K k
T Q i VI Q
- -
K k
1’ Q VII' Q
] ]
K k
v’ Q -i VII' @ -
i i
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W3 anHanu3a npenyokKEeHHOM cHuCTeMbl TaOJIMI YMHOXEHHMsS KBAaTEPHHOHOB II0 OKTAaHTaM B
[IEHTPOOES)KHOM M LEHTPOCTPEMHUTEIILHOM HANpaBJICHUSAX JIETKO MPOCMATPHUBAETCS CIenyromas
CBSI3b:

- B CHIy TOro, 4TO HyMeEpaluus OKTaHTOB HaMM HA4YMHAETCA C BEPXHEro
HOJIYIIPOCTPAHCTBA OT OKTaHTA C MOJI0XKUTEIbHBIMH HANPABJICHUSIMH €IMHUYHBIX BEKTOPOB
i, j,k TIPOTHB YacOBOM CTpPEIKH C MEPEeXOJOM B HIKHEE IMOJIyHIPOCTPAHCTBO (OKTaHT V

HaxoJUTbcs TojA OKTaHtoM I), To w3 Tabm 1.2. [38] u Tabm 2.1 BUAHO, YTO TAOIMIIBI
YMHOKEHUS OYIyT UACHTUYHBI IJIs JUATOHAIEHO MPOTUBOIOIOKHBIX OKTAHT
- OB
Tax Tabnuue ymHoxxeHus B | oktanTe — neHTpoOeXHOro Oyaer cooTBeTcTBOBaTh VII' OKTaHTY
JUTSL TICHTPOCTPEMUTENBHBIX HampaBieHuit u 1.1. (Tabm. 2.2.)

Tabmn. 2.2.
OKTaHTBHI . OKTaHTBI
3HAK 3KBHBAJICHTHOM
0 IEHTPOOEKHBIM 0 HEHTPOCTPEMHUTEIEHBIM
TaOIUIIBI YMHOXKECHHUS
HaIrpaBJICHUSIM HaInpaBJICHUSIM
| = vII
11 = vir
11 = \A
v = VI’
\Y = 11’
VI = I\
VII = I'
VIII = 1T

BeposiTHee Bcero, B KOHEYHOM CUETe, MUHUMH3AIUSI BEKTOPHBIX CBOMCTB (9KBUBAJICHTHOCTD
TaOJINI] YMHOKEHUS) TTOJTy9IaeTCs PU OTMMCAHUN KOH(DHUTYpalii MPOCTPAHCTBA BEKTOPHOUW YaCThIO
MOJMKOMIUIEKCHBIX ~CHCT€M, T.€. TMpPH TIOCTPOCHHUU pPACIIMPEHHON anredOpbl HaI MOJIeM
KOMIUTICKCHBIX YHCE.

OnHako B JaHHOM HCCIEIOBAaHWM OCTAHOBHMCSI Ha KBAaTEPHHOHHBIX M OKTaBHBIX
OTMHMCAHUAX, C HCIOJIb30BAHMEM YEThIpeX 4YHCIOBbIX cucteM (Tabm. 1.2.), [38] wu
MOJIU(UIIMPOBAHHBIX YPAaBHEHUH Ie€OMETPUUYECKOTO MO MPOCTPAHCTBEHHBIX YaCTOT, BHIPAKEHUS
(1.43...1.46) cratbu [38].

Hanomuum:

e X. I'paccman (1809-1877rr) [31] BBen MOHATHE BHEIIHETO, a 3aTeéM M BHYTPEHHETO
MPOW3BEICHUS I MYJbTUBEKTOPOB, TEM CaMbIM HambOosee OJIM3KO TMOJOIIeN K CO3JaHUI0
MCYHCIICHUS, TIO3BOJISIOIETO ONEPUPOBATh TEOMETPHUUECKUMH BETMYMHAMH T10 MPaBUIaM aareOpsbl.

o Y.K. Kmubdopn (1845-1879) oObenuHun 3TH JABE pa3HbIE CXEMbl B paMKax €IWHOU
anreOpbl, OXBATHIBAIONICH M OOBIYHOE BEKTOPHOE WCYHCIICHHE B MPOCTPAHCTBE TPEX H3MEPCHUN
[30]. KoHcTpykuust Takoil anreOpbl MpearnonaraeT, 4ro 3aJaHbl BEKTOPHOE IMPOCTPAHCTBO E,

pPa3sMEPHOCTH n HAA IOJICM JIEUCTBUTEIIPHBIX YHCEN U KBaApaTU4Has1 q)opMa Ha En . Torma

BHYTpEHHEE Npou3BeleHHEe a-b (unu b-a) IByX BEKTOPOB MO OINPEACIEHHUIO €CTh 3HAuY€HHE
CHUMMETPUYHOW OWIMHEHHOW (OpMBI, a BHEIIHEE MPOU3BEICHHUE WM OUBEKTOP a ADb MOXKHO
paccMaTpuBaTh Kak reOMETPUICCKUI OOBEKT.

Ecnu a u b HexkomnMHEapHbIE, TO a A b TpeACcTaBiIseT OO0 OPUEHTHUPOBAHHYIO MIOCKOCTH,
HaTSHYTYIO HA BEKTOPbl @ U b .

Torna KnuddopaoBo npoussenaeHne BEKTOPOB a U b, Ipu 0003HAYEHUU €TI0 MPOCTO B BHUJIEC
ab mpuHUMaeT BHUI:
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ab=a-b+anb 2.4)
rae (B coorBercTBuu ¢ [30]):

a-b :%(ab+ba) (2.5)
u

anb =%(ab—ba) (2.6)

[Ipu moctpoennn Marematuueckor monaenu 3D ¢pakTadbHBIX CTPYKTYp HaM HEOOXOIUMO
6a3upoBarbcs Ha anredpe Knuddopaa.
e OroOpaXeHMsI CUCTEMBI CBSI3aHHBIX BEKTOPOB BO BHEIIHEE W BHYTPEHHEE NPOCTPAHCTBA
Oasupyrorcs Ha GyHIaMEHTANIBHON TpUaje ONMpeeIeHUs] KOMIIJIEKCHOW BETMYHHBI, 2 UMEHHO:
- KommnekcHoe uncio 3To BEKTOp,
-  KowmmnekcHoe 49HCcIoO 3TO KOOpAMHATHAs TOYKAa Ha KOMIUIEKCHOM  IJIOCKOCTH,
(reoMeTpu4ecKoe IOCTPOECHHE KOTOPOM  OCYIIECTBISETCS  MapajljIeNIbHBIM  [EPEHOCOM
MPOU3BOJIBLHOTO BEKTOpa B IIEHTP KOOPAMHAT KOMIUIEKCHON TMJIOCKOCTH C OTMETKOMU
KOOpPJMHATHON TOYKHU KaK BEpPIIMHBI IEPEHECEHHOI0 BEKTOPA),
- KowmmnekcHoe 4ncio — 3To onepaTop NOBOpOTa
OOmiee onpeeneHne KBATEPHUOHHBIX (POPM MPEIIOIaraeT ONepamnnio yIBOCHHUS.
[To ananoruu ¢ [1], Oyaem paccMaTpuBaTh alredpy KBaTepHUOHOB () , 00pa3yeMbIX U3 aareopbl

KoMIUIeKCHBIX uncen C HCKOMMYTAaTHUBHBIM YABOCHUCM:

0=C+C,-i 2.7)
Hpouez[ypa HeKOMMYTaTI/IBHOFO y,HBOCHI/ISI HCOJHO3HAYHA: MOXXHO BBIIIOJITHHUTH y,Z[BOGHI/IC TAaK¥XKEC
KakK:

0= él+i-éz, (2.8)

B nepBom ciyuae OyieT rnosrydueHa cUcTeMa ¢ IpaBbIM 3aKOHOM YMHOKEHHUS, i+ j = K, @ BO BTOPOM

- C JIEBBIM 3aKOHOM YMHOXEHMsI i-j =—Kk (HE MyTaTbk = J-1¢ k-xoadpunrenrom
dpakranbHocTH) (cM. Tabn. 2.1 u Tabm. 2.2.).

OueBugHO, uTO TIpoMojenupoBanubie B nporpamme MathCad 2000 Professional ypaBHeHus
(1.57) u3 crareu [38], B aTOM citydae, B 3D- rUIEpKOMIUIEKCHOM BHJIE TIPUMYT BUI:

(2-sin %)’ 2-sin 7y
_ k . . k .
ZR,G - R ’ ( 2 ’ [ZXV(P,k:,}d) + ] ’ Zyr(p,k:jd):l—i_l ’ 2 ’ [ng(p’kfd) + ] ' Zyg(p,k,cd):l)
(2.9)
rae:
2 d-m d-rn
Zx,r[p,i,d] = M[ipj o8yl = pE T, (2.10)
k k
R .| 27 dr d-r
Zy,r[p,k,dj = my(z,,j sin - pr o, @2.11)
k k

WIH B IPOCTPAHCTBEHHO YaCTOTHOM MPECTABICHUN JIEBasi YaCTh BeIpakeHus (2.9), crosias B
KBaJIpaTHBIX CKOOKax mpumeT Buja (2.12).
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ZR[?,t,d):mx,y(?t]'eXP = c- T _t_,_d-;z'_d.ir

k-R-Sin% 2%
i

HeoOxomumocTh BBeieHUsT (pa30BOro CIBUTA, CBSI3aHHOIO C CUCTEMOM TTOBOPOTOB Ha yTJIb
= . .
o)=L 7 L7
2 %
0oJiee 1eTaIbHOTO BBIBOJA KOMIUIEKCHON (POPMBI pEIICHNUs 3aJaul MaTeMaTHYECKUX OMIIbSPIOB B
Kpyre, BBIIOIHEHHOTO B [8], (pa3nen 2.2, Puc 2.3)
A nu1g mpaBoii 4acTy BbIpaxkeHUs (2.9) MOXHO 3alucaTh:

(2.12)

B IIPOCTPAHCTBE, MOXHO MOHSATH U3 aHanu3a Puc. 1.14 u u3 paccmoTpenus

- . 27 . 21
ZG(k,p,d]:mgx’y[;pj‘eXp Jr—p|-exXp j-—"P (2.13)
k k
-(azoBoe npencTaBIeHUE
Z . =m, (. \-exp j~CL-t —exp j-LJ (2.14)
G[k,t,d] W(“J k-R-Sin% R-Sin%
k k

-IIPOCTPAHCTBEHHO-YaCTOTHOE MPEICTABIICHHE.
be3 ydera mpocTpaHCTBEHHBIX MOBOPOTOB, (hopmyna (2.9), Ha ocHoBaHuM ypaBHeHUs (1.48) us
ctaThu [38], MPUHUMAET MUHUMAJIbHO KOMITAKTHBIN CUMBOJIbHBINA BUI:

2{1/5 - = = « = =
Zpolkst,d)=R -7<mr<x,y><k,r)M+ V1m0 K1) (215
rae:

- (k,p):mx(k,p)-’_i.m}’(k,p) 1

e .
T m (k’p):mgx(k,p)"'l'm
X,y
Kak BumHo, BhIBeeHHBIC ypaBHEeHUs (2.9) u (2.15) npencrasnsror cobort Kimuddopmoso
NPOM3BEICHNE KOMIUIEKCHO3HAYHBIX BEKTOPHBIX ()YHKIIMOHAJIOB, /ISl KOTOPBIX:
e JicBas YacCTh XapaKTepU3yeT BHYTPEHHEE MPOM3BEICHUE TEKYIIMX BEKTOPOB (OMIIBSPIHOTO

£ (k.p)

- = = bd =
mapa) mr(xy) (k,t)- 1 , T.€. k~HerapaKkCHaIbHBIX MPAaBOCTOPOHHUX BEKTOPOB B KPYTE - M, (xy) (K, 1) -
¢  k-BekTOpaMH  HOPMHUpPOBaHHOTO  0Oa3uca,  NPHUBEACHHOTO K  LEHTPY  Kpyra

7 0+2-7z-p . . 0+2-7m-p
{1 =(coOS———————+ j -sin————) W ommchIBaeT EBKIMIOBY 4acTh reOMETPHYECKOTO OIS

IPOCTPAHCTBEHHBIX YaCTOT 00BEKTA MIPOCTPAHCTBA-BPEMEHH - C(EpHI.
e npaBas dYacThb YypaBHeHHS (2.9) xapakTepuszyeT BHEIIHEE TMPOU3BEACHHUE TEKYIIHUX
JIEBOCTOPOHHUX BEKTOPOB (OMIIBSIPIHOTO 11apa) T.€. k~-HemapaKCHaIbHBIX JIEBOCTOPOHHUX BEKTOPOB
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“« =
B Kpyre mru.,(k,t) ¢ k-BekTropamMH HOPMHPOBAHHOTO Oa3uca, MPUBEACHHOIO K OECKOHEYHO

n 0+2-7(k-1)- . 0+2-7-
YIQJICHHOW TOYKE BHE Kpyra MZ(COS #k=1)-p +j -sm#)

N OIIMChIBACT HE

EBKIINIOBY 4acTh T€OMETPUYECKOTO IMOJS IPOCTPAHCTBEHHBIX YaCTOT OOBEKTa IMPOCTPAHCTBA-
BpeMeHHU - 0000meHHoi cdeprl. B menom, ypaBaenus (2.9) u (2.15) ecTbh, COOTBETCTBEHHO —

KBATEPHMOHHOE W OKTaBHbIE OnMcanus (T.K. 3/—1 =1i ) OCHOBHOIO ypaBHEHHS F€OMETPUUECKOTO

HOJIsl IPOCTPAHCTBEHHBIX YACTOT, TO €CTh CTPYKTYpOOOpa3yoIero noss NpocTpaHCTBa-BPEMEHH.

3akJaoueHmne

B uccnenoBaHuM ¢ 3JIEMEHTapHbIX MNO3UIMM JEJeHUs €AMHUYHOro oTpe3ka Toukod C
pelIeHus 3aJaud  MaTeMaTU4eCKMX OWJIbSpJOB, IMOCIENOBATEIbHO BBOJIATCS 4 YHCIOBBIX
CTPYKTYPBI YACIOBOTO KOHTUHYYyMa:!

bazoBas EBkinaoBa mpaBOCTOPOHHSSA CUCTEMA bazoBas He EBKiMI0Ba TIEBOCTOPOHHSS
BEILIECTBEHHBIX YHUCEI IpOoOHO-palOHANIbHAS THIIEPOOINYecKast
(ot Touku A k Touke C - BOpaBo) CUCTEMA BEILIECTBEHHBIX YHCEI
R(x) €[—x,...— K,...0,..k,...0] R(x) €[-0,...——,..0,...+ ——,....,0]
xK—1 k-1
=
K=k = k
K =—
k-1
Conpsxennas He EBkiinioBa nmpaBoctoponHsisi | ConpsbkeHHas He EBKIIMoBa JIEBOCTOPOHHSIS
IpoOHO-pannoHaIbHAS THIIEPOOTNIecKast IpoOHO-panroHaIbHAS THIIEPOOTNIecKast
CHCTEMA BEILIECTBEHHBIX YHCEIl CUCTEMA BEILIECTBEHHBIX YHUCEI
=* 2K 2K < 2K 2K
R(x)e[0,...——,..0,...——.,....+0] R(x) €[0,...+ yerl®yes. ——— ..., 0]
K—2 K—2 K—2 K—2
* *
= 2-k < 2K
K =——— K =—
k-2 K—2
- a, Tak e, B¢ 0a30BbI€ TPAHCIIEHIEHTHBIE TUIepOOINUECcKe (PYHKIIMH — KAMIUIEKCHbBIE
(bYHKITMOHATIBI
_)

) mrx y (k’ p) - mX(k,p) * l . my(k»P) "

e
T m (k,p)zmgx(kﬁp)+i-m (1.56)
x,y
U BBIBOJIATCS KBaTepHUOHHBIE (2.9) u okTaBHBIE (2.15) dopmbl petenus 3D- 3axaun
MaTeMaTHYeCKUX OMIIbAPIOB U OTOOpaXKEHMs TPAeKTOPHil, Kak BO BHEILIIHEE, TAK U BO BHyTPEHHEE
IPOCTPAHCTBO JIEMEHTAPHOI'0 00BEKTA MPOCTPAHCTBA - CHEPHI.
Tem cambIM 10Ka3aH 3aKOH (POPMUPOBaHMsI 0a30BBIX KBATEPHUOHOB M OKTaB,

XapaKTepU3YIOMIUX BCE UKIMYECKHE MPOLECCHI TPOCTPAHCTBA-BPEMEHHU.
B uccnenoBanuu, kpome TOro, HaileHbl MOJIEJIbHBIE TIPEACTABIECHUS 110 TIOCTPOCHUIO
MOJIMYHUCIIOBBIX THIIEPKOMIUIEKCHBIX CHCTEM, KOTOPBIE ellle TPeOYIOT JalbHEHITNX UCCIeT0BaHUMA.

[Tomyuennsle oOuiee (HOpMbI ypaBHEHHsI F€OMETPUYECKOTO IOJI IMPOCTPAHCTBEHHBIX YaCTOT
(1.66) HaxXOAATCA B XOPOILEM COTJIACHH B CPAaBHEHHUH C U3BECTHBIMH (PU3UYECKHUMHU TEOPHUSIMHU:

- TI0 CHHTYJISIpHOM onTHKe (onTuku Buxpeit) M. bepu [35],

£7(k.p)
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- TeOopHuel MpOoCTpaHCTBEHHO-BpeMeHHOoro ocuuiuisitopa O. Cynaena [36],
- Teopneﬁ u HpaKTHKOﬁ CO3IaHUA KOMITIO3UTHBIX MAaTCPUAJIOB C OTPHULATCIBHBIM IMOKA3aTCIICM
npesioMyieHus (Tak Ha3bIBAEMBIX MaTepUalioB ¢ IpaBoil Tpoiikoit BekTtopoB E,H.k) B.I'. Becenaro
uJ. Pendry [16...24] u
- IIOIBITKOU CO3JaHusd eIUHON TEOpUH OJIA B. KocpieBeIM [37]
3T10T CpaBHHTeHBHBIﬁ aHaJIn3 INpCANOoIaracTCsa BbIIIOJIHUTL B CIICAYIOMIUX HYGHI/IKaLII/ISIX.
B 3aBepuieHnn xouy BbIpa3uTh CBOIO MPU3HATEIHHOCTH 32 IOMOIIb B UCCIIEI0BAHUSX MOEMY
kosuiere A.A. Omapuny.
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